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Abstract. We give a framework of localization for the index of a Dirac-type operator on 
an open manifold. Suppose the open manifold has a compact subset whose complement 
is covered by a family of finitely many open subsets, each of which has a structure of 
the total space of a torus bundle. Under some compatibility and acyclicity conditions 
we show that the index of the Dirac-type operator is localized on the compact set. 
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1. Introduction 

This paper is the second of the series concerning a localization of the index of elliptic 
operators. 

For a linear elliptic operator on a closed manifold, its Fredholm index is sometimes de- 
termined by the information on a specific subset under appropriate geometric conditions. 
Such a phenomenon is called localization of index. A typical example is Hopf 's theorem 
identifying the index of the de Rham operator with the number of zeros of a vector field 
counted with sign and multiplicity. In this case the geometric condition is given by the 
vector field, and the index is localized around the zeros of the vector field. Another typical 
example is Atiyah-Segal's Lefschetz formula for the equivariant index for a torus action, 
when the geometric condition is given by the torus action. The index is localized around 
its fixed point set, and the localization is understood in terms of an algebraic localization 
of equivariant K-group. In particular when the manifold is symplectic and the elliptic 
operator is a Dirac-type operator, the localization is extensively investigated using the re- 
lation between the algebraic localizations in equivariant K-theory and that in equivariant 
ordinary cohomology theory. 

In the previous paper jl], we investigated the case of a closed symplectic manifold 
equipped with a prequantizing line bundle and the structure of a Lagrangian fibration, and 
described a localization of the index of a Dirac-type operator, twisted by the prequantizing 
line bundle, on the subset consisting of Bohr- Sommerf eld fibers and singular fibers. A 
novel feature of our method is that we do not use a global group action but use only the 
structure of a torus bundle on an open subset of the manifold. 

In the present paper we generalize our method to deal with the case when we do not 
have a global torus bundle on the open subset, but we just have the structure of a torus 
bundle on a neighborhood of each points, which gives a family of torus bundles satisfy- 
ing some compatibility condition. The various torus bundles may have tori of various 
dimensions as their fibers. This generalization enables us to describe the localization 
phenomenon more precisely. Even for the case in the previous paper, we could replace 
the subset on which the index is localized with a smaller subset. A typical example of 
our generalization is the localization for the Riemann-Roch number of toric manifolds, for 
which we would need an orbifold version of our formulation. Moreover we can deal with 
some prequantized singular Lagrangian fibration without global toric action (Section 6). 
In our subsequent paper we will use the localization to give an approach to V. Guillemin 
and S. Sternberg's conjecture concerning "quantization commutes with reduction" in the 
case of torus actions. Though our motivating example is the Riemann-Roch number of 
a symplectic manifold, the localization of the index is formulated for more general cases. 
In fact we first establish a general framework to formulate the index of elliptic operators 
on complete manifolds (Section 3). This section is independent of the other sections and 
the framework might itself be interesting. 

The mechanism of our localization is explained as a version of Witten's deformation, 
where the potential term itself is a first order differential operator. Our geometric input 
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data is a family of torus bundles. Roughly speaking we deform the operator like an 
adiabatic limit shrinking the various fiber directions at the same time in a compatible 
manner. The potential term corresponds to some average of the de Rham operators along 
the various fiber directions. 

Formally our localization is formulated as a property for the index of the elliptic operator 
on an open manifold: let D be an elliptic operator on a (possibly non-compact) manifold 
X, and V is an open subset of X whose complement X \ V is compact. Suppose V 
has a certain geometric structure s, by which we can modify D to construct a Fredholm 
operator. The index of the Fredholm operator depends on the data (X, V, s, D). Suppose 
the index satisfies the following properties. Firstly the index is deformation invariant. 
Secondly if X' is an open subset of X containing X \ V, and hence X' \ V is compact. 
Let D' be the restriction of D on I'. We assume that the structure s has its restriction 
s' on V — X' H V . Then we have the index of the Fredholm operator constructed from 
the data (X', V , s', D'). The required excision property is the equality between the two 
indices. We will construct Fredholm operators which satisfy the above type of excision 
property. The structure s on V is not extended on the whole X. In this sense X \ V 
is regarded as the singular locus of the structure. The index is localized on the singular 
locus X \ V, and we call it the local index of the data (X, V, s, D). When X \ V is of the 
form of the disjoint union of finitely many compact subsets, the localized index is equal 
to the sum of the contributions from the compact subsets. 

Our first main result is the construction of the local index when the structure s is the 
strongly acyclic compatible system defined in Section 2. Our second main result is a few 
basic properties of the local index, in particular a product formula of the local index. 

The organization of this paper is as follows. In Section 2 we define the notion of a 
strongly acyclic compatible system, which we use as the geometric structure s in the 
above explanation. In Section 3 we give a formulation of the index of elliptic operators on 
complete Riemannian manifolds. This formulation is a generalization of the one given in 
Section 5 of [6j . This section is independent of the other sections. In Section 4 we define 
the index of elliptic operators using the framework of Section 3 under the assumption that 
a strongly acyclic compatible system is given on an end of the base manifold. In Section 
5 we show a product formula for the index defined in Section 4. In Section 6 we give an 
example of our formulation using some 4-dimensional Lagrangian fibration with singular 
fibers. In Appendix we give proofs of the technical lemmas used in the main part. 

Acknowledgments. The authors would like to thank Yukio Kametani, Shinichiroh 
Matsuo, Nobuhiro Nakamura and Hirohumi Sasahira. Throughout the seminar with them 
the authors could simplify the proof of the key proposition (Proposition 14. 10"]) . The second 
author is grateful to the hospitality of MIT and University of Minnesota. 

2. Compatible fibration and acyclic compatible system 

In this paper we work in smooth category. In particular, every manifold is a smooth 
manifold and every fiber bundle is a smooth fiber bundle. 

2.1. Compatible fibration. Let M be a manifold. 

Definition 2.1. A compatible fibration on M is a collection of data 

• {n a : V a — > U a | a E A}, 

• : V a fl Vp — > U aj 3 | a, (3 e A such that V a fl Vp ^ and a ^ f3}, and 



4 



H. FUJITA, M. FURUTA, AND T. YOSHIDA 



• {Pa/3 '■ u »p -> K a (V a n Vp) | a, /3 G A such that V a n Vp ^ and a^} 
satisfying the following properties. 

(1) {V a } ae A is an open covering of M. 

(2) For each a (E A, U a is a manifold and 7r Q : — >■ U a is a fiber bundle whose fiber 
is a closed manifold. 

(3) For each a and (3, we have 

K n v p = n^MVa n ^)) = ^(^(K, n ^)). 

(4) For each a, f3 & A satisfying V a D Vg 7^ and a ^ f3, U a p is a manifold, 7r a/3 : D 
Vg —j- f/ a/ 3 is a fiber bundle with fiber a closed manifold, p*p '■ U a p — > n a (V a fl Vg) 
is a fiber bundle with fiber a closed manifold such that the following diagram 
commutes 



v a nv p 




U a D ir a (V a n Vp) irp(V a n V£) C £//?. 

Here we assume U a p = Up a , Tr a p = np a , and = p^ a . 
(5) For each b G U a p we have 

0) = W))n<W). 

We often denote a compatible fibration on M by {7r a } Q6 ^ for simplicity. 

Let {n a } a( zA be a compatible fibration on M. 
Definition 2.2. For a E A and a; G K*, we define A(a; 2) as follows 

-A(a; a;) := {/? G A | x G T4. fl V^, y/L : I7 ay g — > ^(V^ fl Vg) is a diffeomorphism}. 

Remark 2.3. We have ir7 irp(x) C k~ 1, k 01 {x) for /3 G A(a, x). 

Definition 2.4. An open covering {V^} ae A of M is said to be admissible if it satisfies 
the following conditions 

(1) V' a C V a for each a G A and 

(2) 7r^' 1 (7r i g(V^ n V p )) = V^HVp for each a and (5 . 

Later we will fix an admissible open covering satisfying some good property. (See 
Assumption EH (2).) 

Proposition 2.5. Let {V^} ae ^ be an admissible open covering of M. Then, the collection 
of data 

• {* a \v>'-Vl^U' a :=<K a {V$\aeA} 

• br«p\vinv}- K n Vp U' a p = 7T a p(Vi DVp) \ a,P e A such that V£ fl Vp ± 
and a 7^ /?}, and 

• OE/jkj : ^ ^(K n V^) I a, /3 G A suc/i V^ n V^ $ and a ^ (3} 
is a compatible fibration on M. 
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Suppose that there is an admissible open covering {V^} aeJ 4 of M. We take and fix it. 

Definition 2.6. A subset C of M is said to be admissible (for {V^}q, 6 a) if V' a H C = 
7r~ 1 (7r Qt (y c [ n C)) for each aeA 

Example 2.7. Each (resp. V^) is admissible open subset. 

We can restrict a compatible fibration to an admissible open subset. 

Proposition 2.8. Let C be a submanifold of M. Suppose C is admissible. Then the data 
{^a\cr\V^ '■ C H — > 7r a (C n V^)} a6 A zs a compatible fibration on C . 

Proof. It is sufficient to show the following three equalities 

(1) tt-^CC n K n ^) = c n K n v}, 

(2) n^n aP (C n K n ^) = C n K fl V^, and 

(3) lfy-^MC n K n ^)) = ^(c n ^ n v?). 

First let us show the right facing inclusion C for 1. For each z G 7r Q ; 1 7r a (C fl fl Vg) 
there exists a: G C fl fl VL such that 7r a (z) = ir a (x). Then z G vr^ 1 7r Q ,(x) C vr~ 1 7r Q ,(C fl 

K)n^ 1 7r Q (v c :n^) = c7nKn^. 

Next we show the right facing inclusion C for 2. For each z G ir a g7r a p(C fl V a fl V^) 
there exists x G C fl D Vg such that 7r Q/3 (z) = ir a p(x). Then 7r a (x) = p^p ° 7i"a^(x) = 
° = M*)- In particular 2 G tt-^z) C t^tt^C nV^nVg)=(7nV^n V^. 

Finally we show the right facing inclusion C for 3. For each z G Pa^Pa^i 71 ^^ ^ Kv ^ 
V'p)) there exists x G CnV^nVg such that ^(z) = 7r Q (x). We show that 7r~^(z) C C. For 
u; G 7r~^0) we have 7r a (w;) = p^ o 7r a/3 (u;) = = K a (x). Tnen w G tt^tt^x) C C. 

This shows 7r~j(z) C C. Hence z G ^(ti^z)) C 7r Q/9 (C nV^fl Vg) . □ 

Remark 2.9. For an admissible submanifold CofV, the restriction {7r a |cnV2 : C fl — )• 
7r Q (CnV^)} does not satisfy the second and the third conditions in Assumption 12.121 in 
general. 

Definition 2.10. Let / : M — > R be a function. If / is constant along fibers of ir a \v' f° r 
all a G A, then we call / an admissible function (for {V^} q6 a)- 

Definition 2.11. Suppose that there is an admissible open covering {V^} a and fix it. If 
a linear map / : C°°(M) — > C°°(M) satisfies the following properties, then we call / an 
averaging operation for {V^}. 

(1) /(/) is an admissible function for {V^} for all / G C°°(M). 

(2) If / is a constant function, then 1(f) is also a constant function with the same 
value of /. 

(3) If / is a non-negative function, then 1(f) is so. 

(4) There exists an open covering {V"} a& A of M which satisfies the following proper- 
ties. 

• For all a G A we have V" C V a . 

• For all a G A we have 7r~ 1 7r Q! (V^ / ) = V£. 

• For all / G C°°(V) and x G M there exists some a G A such that x G V" and 

min f(y) < I(f)(x) < max f(y). 
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(5) Let / : M — > R be a smooth function. If suppf is contained in V a for some a G A, 
then suppl(f) is also contained in V' a . 

In this paper we impose the following technical assumptions for a compatible fibration 
{n a : V a — >■ E/oJaeA- 

Assumption 2.12. (1) The index set A is a finite set. 

(2) There is an admissible open covering {V^} a6j 4 of M such that V a C V a , and we fix 
it. Hereafter we say admissible (resp. an averaging operation) instead of admissible 
(resp. an averaging operation) for {V^}. 

(3) There is an averaging operation / : C°°(M) — > C°°(M) whose definition is given 
in Definition 12.111 

Using the averaging operation we can construct an admissible partition of unity as in 
the following. 

Lemma 2.13 (Existence of admissible partition of unity). Let M be a manifold with a 
compatible fibration {n a }. There is a smooth partition of unity {p a } of the open covering 
M = U a V a such that each p a is admissible. 

Proof. Take any partition of unity {4> a } a of M = U a V a . Applying the averaging operation 
we have a family of admissible functions {I(4> a )} a . Note that it is an another partition 
of unity of {V^} because of the Property 2,3 and 5 of the averaging operation. We put 

p a := I(4>a) I \J^j3 Hrf'p) 2 - Then {p a } a is a required admissible partition of unity. □ 
We give a sufficient condition for Assumption 12.121 

Definition 2.14 (Good compatible fibration). If a compatible fibration {ir a : V a — > U a } 
over M satisfies 1 and 2 in Assumption 12.121 together with the following 5', then we call 
{ir a : V a — > U a } a good compatible fibration. 

5'. If V a n V/3 ^ 0, then we have a 6 A((3; x) or /3 e A(a; x) for all x eV a n Vp. 

We show the following proposition in Appendix A. 

Proposition 2.15. If {7T a } a eA is a good compatible fibration on M, then there exists an 
open covering {V a } a &A of M and a linear map I : C°°(M) — > C°°(M) such that I satisfies 
all conditions in Definition \2.11\ for {V„ } qS a- 

We also give a sufficient condition for Assumption 12.121 (2) in Appendix B. 

Now we define an appropriate notion of Riemannian metric and connection for a com- 
patible fibration. For the projection n of a fiber bundle over a manifold we denote by 
T[tt] the vector bundle consisting of tangent vectors along fibers of it. We first note that 
there exist following four types of short exact sequences for % — a, /3 



(1) -> T[n] -> m -> TT*TUi -> 0, 

(2) T[7T aP \ T(V a D Vp) ^ TT^TU^ ->• 0, 

(3) T[7r Q/3 ] -+ T[n]\v a nv p KpAp^} 0, 

(4) T[p ap ] TU aP PapTir^Va n Va) 0.. 



Definition 2.16. Let E ,E X and -E 2 be smooth vector bundles with metrics. A short 
exact sequence — > E° — > E 1 — > E 2 — > is orthogonally split if the isomorphism E 1 = 
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E° © E 2 defined by the orthogonal splitting with respect to the metric on E l is isometric 
with respect to the metrics on E°, E l and E 2 . 

Definition 2.17. A compatible Riemannian metric of a compatible fibration is a collection 
of metrics on the vector bundles T[iTi\,TUi, T[7r a p], TU a/ 3, and T[p z a/3 ] such that the exact 
sequences © and fll]) are orthogonally split with respect to these metrics. 

From the definition, we have a canonical isometric isomorphism 

(5) (T[ttJ © ir* a TU a )\ Va nv p = (T[n af) ] © ir^TU a0 ) - (Tfo] © ^TUp)\ v ^v, 

over V a nVp. 

Definition 2.18. Suppose we have a compatible fibration with a compatible Riemannian 
metric. A compatible connection is a collection of the splittings of of the short exact 
sequences ([Q) and (J2]) such that the isomorphism (jSJ) is equal to the composition of the 
isomorphisms 

(T[ttJ © ^TU^nv, = T(V a n V fi ) = (T[tt^] © Tr^TC/^) 
induced from the splittings. 
2.2. Acyclic compatible system. 

Definition 2.19. Suppose we have a compatible fibration {n a } on M with a compatible 
Riemannian metric. A bundle W over M is a compatible Clifford module bundle if we 
have the following structures. 

(1) W has a structure of a Z/2-graded C/(T[7r Q ] © 7r*T?7 a )-module bundle over V a . 

(2) Over V a ClVp, the above module structures on V a and Vg are compatible with the 
isomorphism (jSJ). 

The next lemma follows immediately from the definitions of compatible metric, com- 
patible connection and compatible Clifford module bundle. 

Lemma 2.20. Suppose we have a compatible metric and compatible connection. Then we 
have a well-defined Riemannian metric on M. Moreover if we have a compatible Clifford 
module bundle, then it has a structure of Clifford module with respect to the well-defined 
Riemannian metric on M. 

Let {vr Q } be a compatible fibration on M with compatible Riemannian metric and 
W — > M a compatible Clifford module bundle. 

Definition 2.21 (Compatible system of Dirac-type operators). A compatible system of 
Dirac-type operators on ({vr Q }, W) is a data {D a } satisfying the following properties. 

(1) D a : T{W\v a ) —> r(Vr|v Q ) is an order-one formally self-adjoint differential operator 
of degree-one. 

(2) D a contains only the derivatives along fibers of ir a : V a — > U a , i.e. D a commutes 
with multiplication of the pull-back of smooth functions on U a . 

(3) The principal symbol a(D a ) of D a is given by a(D a ) = c o p a o t* : T*V a — > 
End(H / |v Q ), where L a : T[ir a ] — > TV a is the natural inclusion, p a : T*[7i a ] — > T[7r a ] 
is the isomorphism induced by the Riemannian metric and c: T[7i a ] — > End(W\y a ) 
is the Clifford multiplication. 



8 H. FUJITA, M. FURUTA, AND T. YOSHIDA 

(4) For b G U a and u G TbU a , let u G T(ii^TU a \ n -i^) be the section naturally induced 
by u. u acts on W^-i^ by the Clifford multiplication c(u). Then D a and c(u) 
anti-commute each other, i.e. 

= {D a , c{u)} := D a o c(u) + c(u) o D a 

for all b E U a and u G T b U a . 

(5) If V a fl Vg 7^ 0, then the anti-commutator {£) a , /}g} := o Dp + o _D a is a 
differential operator along fibers of ir a p of order at most 2. 

The properties 1, 2, and 3 in Definition 12.211 imply that D a is of Dirac-type when 
restricted to each fiber of 7r a . 

We call a compatible system of Dirac-type operators {D a } a compatible system for 
short. 

Remark 2.22. If there is a compatible system of Dirac-type operators, then, the underly- 
ing compatible fibration {7i a } a eA must satisfies the following condition on each V a C\V^ ^ 0. 

• an d ^"[Pafl] are perpendicular to each other with respect to the metric on 

TU a p. 

Definition 2.23 (Acyclic compatible system). A compatible system {D a } a£ A is acyclic 
if for all a G A, x G V a and a family of non-negative numbers {t p} p^A(a;x) satisfying 
tp > for some (3, the operator J2p e A(a;x) t a D a '■ T ( W L- 1 (n a (x))) ~* r l w \*zH* a (x))) has 
zero kernel. Note that the above operator is well-defined because of Remark 12.31 

Definition 2.24 (strongly acyclic compatible system). A compatible system {D a } is 
strongly acyclic if it satisfies the following conditions. 

(1) For each a and b G U a D a \ n -i^ has zero kernel. 

(2) If V a D Vp 7^ 0, then the anti-commutator {D a , Dp} is a non-negative operator 
over V a nVp. 

We first note that the following lemma. 

Lemma 2.25. A strongly acyclic compatible system is acyclic. 

Proof. If {D a } is strongly acyclic compatible system, then we have 

\ P<EA(a;x) J \ P J 

for any family of non-negative numbers {Tp}. Suppose fX)j9eA(a;x) tpDp\ s — for s G 
T(W\^-i^ r r x \A. Take «o G A(a; x) so that t Qo is not 0. Then we have 

/3GA(a;a;)\{Qo} 

and s = by the above inequality and the first condition in Definition 12.241 □ 

Remark 2.26. We often need a compatible fibration {ii a : V a — > U a } ae A such that U a J s 
are orbifolds even though M and V^s are smooth. In fact, such a compatible fibration is 
necessary when we deal with a torus action. In this case, by using a uniformizing chart 
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of U a , we extend Definition 12.11 Instead of {ir a : V a — > U a } ae A we consider the following 
collection of data. 

• {q a 'Va->K\ae A}, 

• {n a : V a — > U a | a G A}, 

• {3? a on V a | a G A}^ 

• {ttq/j : K, x m Vp — > U a p | a, (3 G A such that V^, D Vp ^ and a ^ /?}, and 

• {Pa/3 : ^Jtj9 ~~ ^ ^aOK* x k Vp) | a, /? G A such that V a fl Vp ^ and a ^ (3}, 
where for each a, (3 G A, ir a , ir a p, p^p are fiber bundles, q a is a finite covering and & a is 
a foliation on V a which satisfy appropriate compatibilities. See [5] for detail. Note that 
in this extension C/ a 's do not appear anymore. We define the above data to be good by 
the same manner as Definition 12.141 In the case where M is an orbifold, as a covering 
V a — > V a in the above extension we can adopt a uniformizing chart of V a such that V a is 
smooth. For an orbifold version of a compatible system, consult [5]. 

Example 2.27. Let M be R x S 1 with the standard Riemannian metric and (t, 9) its 
standard coordinate. We introduce a compatible fibration on M by 

n a : V a ■= (— oo, 1) x S 1 -)• f/ Q := (— oo, 1) 

7r fl : := (-1, oo) x S 1 ^ := (-1, oo). 

Let IV be the trivial rank 2 Hermitian vector bundle M x C 2 on M with Z/2-grading 

IV := M x (C x 0), W 1 := I x (0 x C). 

We define the Clifford multiplication of Cl(TM) on W by 

«*>-(-°i ;)■«*>-(£ ^- 

For smooth functions f a : V a — > K, fp :Vp —)■ R, let _D a , -D/? be differential operators on 
IWvJ, r(W|^) which are defined by 

A* := f ° x J) ft + / a (f , (9) f ^-j ^ 

^:=(_°! J) * + (_^=T 

They are order-one formally self-adjoint differential operators of degree-one. Then, it is 
easy to see that the data {D a , Dp} is an acyclic compatible system if and only if f a and 
fp satisfy the following properties. 

(1) f a (t, 0)$l Z for any (t, 6) G V a . The same property also holds for fp. 

(2) ta ^ a ( t '^+^//i(*,g) ^ ^ £ Qr ^ ^) G V a Pi Vg and any non-negative real numbers t a , 
£g which satisfy t a + tp ^ 0. 

Example 2.28. For non-negative integers m and n satisfying n < m let M be ]R 2m_n xT™, 
where we regard T n as R n / (27rZ) n . Let A be an ordered set, {V^} a6 yi a finite open covering 
of IR 2m-n , and {-Rajagyi a family of subspaces of W 1 spanned by rational vectors. We 
assume that if a < 0, then R a C Rp. We put V a := V' a x T n and T a := R a /R a n (27rZ) n . 
Define ?7 a to be x T n /T a and 7r a : V" a — > U a to be the natural projection. Then these 
data define a good compatible fibration on M. 
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Let (g, J) be the pair of the Riemannian metric and the almost complex structure on 
M which is defined by 

(2m— n n 2m— n n \ 2m— n n 

E *fo + E^ E °X + E^ = E « + E^ 
j=l i=l i=i i=i / t=l t=l 

{00. 1 < z < n 

-dyi-m+n m + l<i<2m-n 
for x = (y, 9) G M. Note that since g is invariant under J, (g, J) defines the Hermitian 
metric on M by 

h x (u, v) = g x (u, v) + y/^lg x (u,Jv) 

for u, v G T X M. By using the horizontal lift ir^TU a — >■ TV^ with respect to g, it is obvious 
that {vr a } is equipped with a compatible Riemannian metric and a compatible connection. 

Next we define a compatible Clifford module bundle W and a strongly acyclic compat- 
ible system {D a } ae A i n the following way. Take a Hermitian line bundle (L, V L ) with 
Hermitian connection on M whose restriction to vr~ 1 (6) is a flat connection for each a G A 
and b £ U a . We assume the following condition. 

(*) For all a and b £ U a the restriction V L | 7r -i ( - b - ) is not trivially flat connection, i.e., 
its holonomy representation is non-trivial. 
We define a Hermitian vector bundle W on M by 

W := A*TM C <g> L, 

where TMq is the tangent bundle regarded as a complex vector bundle with J. A Clifford 
module structure c: Cl(TM) —> End(W) is defined by 

(6) c(u) (ip) = u A ip — u^ip 

for u G TM, if G W, where l is the interior product with respect to h, namely, 

k 

ul(vi A v 2 A • • • A v k ) : = E(- 1 ) < ~ 1 ' l ( u <> W H A ^ A • • • A u fc , 

i=i 

fi, . . . , ffc G TM. 

Let V Ac ™ c be the Hermitian connection on A'TMc which is induced from the Levi- 
Civita connection on TM with respect to g. Two connections V A *™ C and V L define the 
Hermitian connection on W by 

V := V A '™ C ® id + id ®V L . 

Then we define D a by 

D a := c o £ o V|y Q : T (H/| y J ^> T (TY a ® W|yJ 

4r(T*[7r Q ])®WVJ 

where t a : T[7rQ,] — >■ TV^ is the natural inclusion. 

By the construction it is obvious that {D a } satisfies the condition 1, 2, and 3 in Defi- 
nition 12.211 The condition 4 in Definition 12.211 follows from the fact that g restricted to 
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each fiber of n a is flat. We can show that for each a and b G U a the kernel of D a \ n -ir b \ 
vanishes. It follows from Property (*) and the following lemma. 

Lemma 2.29. Let (E,V E ) — >■ T be aflat Hermitian line bundle on an n-torus. If the de- 
gree zero cohomology H°(T; E) with local system (E, V E ) vanishes, then all cohomologies 
H°(T; E) vanish. 

Proof. Fix a flat Riemannian metric on T. Let (xi, ■ ■ ■ ,x n ) be a coordinate on T such 
that {d/dxi} forms a parallel orthonormal frame of the tangent bundle. Let V T be the 
Levi-Civita connection of the flat metric. Then the induced connection V w := V E ® 
id + id<g>V T onW := E ® A'T*T is a flat connection and (W,V W ) is a Dirac bundle 
in the sense of [TO] . The general Bochner identity for Dirac bundles (Theorem 8.2 in 
[TO] ) implies that any harmonic section in r(W) is parallel. If u = ^jSidxi G r(W) 
is a harmonic section of degree k, where / runs multi-indices I — {i\ < ■ • • < ik) and 
dxj = dx ix A • • • A dx ik , then we have = V w u = J2j(V E Si)dxi, and hence, V E Si = 0. 
Since H°(M; E) = we have s/ = and u = 0. □ 

These facts and Proposition I2.34[ which will be shown in the next subsection, imply 
that {D a } is a strongly acyclic compatible system. 

2.3. Example from torus action. Suppose an n- dimensional torus G acts on a smooth 
compact manifold M smoothly and let M be a G-invariant open subset of M. Let A be 
the set of all the subgroups of G which appear as stabilizers 

G x := {g G G | gx = x} 

at some points x G M. Note that A is a finite set and has a partial order with respect to 
the inclusion. 

The following lemma is useful to construct a good compatible fibration satisfying a 
convenient property for some cases with torus actions. We give a proof in Appendix O 

Lemma 2.30 (Existence of a good open covering). There exists an open covering {Vh}hca 
of M parameterized by A satisfying the following properties. 

(1) Each Vh is G -invariant. 

(2) For each x G Vh we have G x C H. 

(3) // V H n V H > + 0, then we have H C H' or H D H' . 

Moreover if for each x G M there is an open neighborhood V x of x such that V gx = gV x 
for all g G G, then {Vh}hga satisfies Vh C {J Gx=h Vx- 

Proposition 2.31. In the above case, M has a structure of a good compatible fibration. 

Proof. We endow G with a rational flat Riemannian metric. Precisely speaking we take a 
Euclidean metric on the Lie algebra of G such that the intersection of the integral lattice 
and the lattice generated by some orthonormal basis has rank n. We extend it to the 
whole G. 

For a subgroup H of G let H x be the orthogonal complement of H defined as the image 
of the orthogonal complement of the Lie algebra of H by the exponential map. Since the 
metric is rational H 1 - is well-defined as a compact subgroup of G and it has only finitely 
many intersection points H fl H^. 

Let {Vh}hga be the open covering of M in Lemma |2.3Q[ For each H G A we define 
Uh to be Vh/H 1 - and tth '■ Vh — > Uh to be the natural projection. Then the data 
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{tth '■ Vh — > Uh I H G A} define the good compatible fibration because of the property 
of the good covering. □ 

Remark 2.32. In the above proof, since the intersection Hr\H L has finitely many points 
the quotient space Uh may have orbifold singularies. For such a case we can construct a 
compatible fibration in the sense of Remark 12.261 as follows. 

For each x G M let Gx be the orbit through x. Let {Vh}hga be the open covering of 
M in Lemma [2.301 For each H G A and x G Vh we take a slice Uh, x C Vh at x such that 
Uh, x is diffeomorphic to an open disc with dimension dim M — dim Gx and Uh, x intersects 
transversely with Gx at only one point x. Let Vh, x be a union of all orbits which intersects 
with Uh, x - Vh, x is a tubular neighborhood of Gx. We put Vh, x '■= x Uh, x an d denote 
by qn,x '■ Vh, x Vh, x the map which is defined by the action. qn yX is a finite covering. 
Since x G Vh, by the second property of a good open covering, we have G x C H. Then, 
by definition, we have H 1 - C G^r. In particular, if -1 acts freely on Vh >x by multiplication 
to the first factor. We define Uh, x to be the quotient space of the if -'--action on Vh, x and 
7Th, x '■ Vh, x —> Uh,x to be the natural projection. 

Since M is a G-invariant open subset of a compact G-manifold for each H G A we 
can choose finitely many points A(H) C M such that {VH, a }aeA(H) covers Vh- Then, 
{lH,a, KH,a \ H G A, a G v4(if )} is a good compatible fibration in the sense of Remark ^. 261 

Remark 2.33. We will show in Section [6] that there is an example that has a good 
compatible fibration, but does not have a global torus action. 

2.3.1. Family of flat torus bundles. Let {iia}aeA be a compatible fibration on V with a 
compatible Riemannian metric and W a compatible Clifford module bundle on V . We 
show the following. 

Proposition 2.34. Suppose that an acyclic compatible system {ir a , W, D a } satisfies the 
following four conditions. 

• T^a '■ V a — > U a is a good compatible fibration. 

• 7i a : V a — > U a is a flat torus bundle for all a. 

• There is a Clifford connection V onW such that the restriction of V on each fiber 
of it a is a flat connection for all a. 

• D a is the Dirac operator along fibers of n a defined by V|y Q for all a G A. 

Then for all a, (3 G A such that p a a'- U a $ — > irp(V a D Vp) is a diffeomorphism, the anti- 
commutator D a o Dp + Dp o D a is a non-negative operator along fibers of Tip . In particular 
z/ker D a = for all a G A, then {ir a , W, D a } is strongly acyclic. 

It suffices to show the non-negativity of the anti-commutator along fibers. We consider 
the following model. 

• E : Euclidean space 

• T : maximal lattice of E 

• F := E/T : flat torus 

• W -> F : C7(TF)-module bundle 

• V : F(W) ->■ T(TF ® W) : flat Clifford connection of W 

• c:TF ®W : Clifford action of TF 

• A : finite set 

• {E a } a£ A '■ family of subspaces of E 
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• {p a } '■ family of orthogonal projections to {E a } 

• We assume p a Pp = Ppp a for all a, j3 G A. 

Using the metric we have the identification TF = T*F = F x E. For a symmetric 
endmorphism S : E E let S : F x E F x E be the induced bundle map on the 
(co)tangent bundle. We define a differential operator D$ by the composition 

D s := c o S o V : T(W) -> T(W). 

Since S is symmetric Ds is a self-adjoint operator. Let Si and £2 be symmetric end- 
morphisms which commute each other. By the direct computation using the orthonormal 
basis of E consisting of simultaneously eigenvectors of Si and S2 we have the following 
equality 

D Sl o D S2 + D S2 o D Sl = 2V* o Si o S 2 o V, 

where V* : T(TF ® W) -t T(W) is the adjoint operator of V. 

In particular, by putting Si := p a and S 2 '■— Pp we have the following. 

Lemma 2.35. D a Dp + DpD a = 2D^n, where D a p is the self-adjoint operator cop a/3 o V 
defined by the projection p a p to the intersection E a D Ep. 



Proof of Proposition \2. 3J\ Since {vr a } is a good compatible fibration we have a family 
of tori at each point on V which comes from a family of subspaces whose projections 
commute each other. Then the claim follows from Lemma 12.351 □ 

Note that a product of good compatible fibrations is not a good compatible fibration. 
To formulate a product formula, we will need the following Proposition 12.361 which is a 
generalization of Proposition 12.341 We prepare a notation. 

• Suppose ir a '■ V a — > U a is a torus bundle with structure group GL n (Z) x M. n /Z n . 

• For each x e V a and v G T^ja,, we have a vector field on the fiber 7r~ 1 7r Q ,(x) 
which is parallel on the torus and is extending v. 

• Using a local trivialization of the torus bundle n a : V a — > U a on a neighborhood 
of the fiber 7r~ 1 7r Q ,(x), we extend the vector field to a vector field X a (v) on the 
neighborhood. 

Proposition 2.36. Suppose that an acyclic compatible system {ir a ,W, D a } satisfies the 
following three conditions. 

• For x G V a D Vp, v a G T^Ja; and vp G T[irp] x , we have [X a (v a ),Xp(vp)] = 0. 
Moreover, if v a = Vp, then, X a (v a ) and Xp{vp) coincide on a neighborhood of 
x G M. 

• There is a Clifford connection V onW such that the restriction of V on each fiber 
of ir a is a flat connection for all a. 

• D a is the Dirac operator along fibers of ir a defined by V\v a for all a G A. 

Then for all a, (5 G A such that p^: U a p — > np(V a D Vp) is a diffeomorphism, the anti- 
commutator D a o Dp + Dp o D a is a non-negative operator along fibers of np . In particular 
z/ker D a = for all a G A, then {n a , W, D a } is strongly acyclic. 

Proof. We can use the same local model used in the proof of Proposition 12.341 □ 
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2.3.2. Symplectic manifold with a torus action. Let (M,u) be a 2m-dimensional symplec- 
tic manifold equipped with a Hamiltonian action of an n- dimensional torus G. In this 
case each orbit is an affine isotropic torus in M. Suppose that there is a G-equivariant 
prequantizing line bundle (L, V) on (M, u), i.e., L is a Hermitian line bundle over M with 
a Hermitian connection V whose curvature form is equal to — 2tt\/— Iuj, and all these data 
are G-equivariant. Since an orbit is isotropic the restriction of (L, V) on each orbit is a 
flat line bundle. Let A = {H} be the set of all subgroups of G which appear as a stabilizer 
subgroup of G- action at some point in M. We ssume that A is a finite set. We show the 
following. 

Proposition 2.37. Suppose that for each x G M there exists an open set V x such that 
for all y G V x the restriction of L on G x -orbit G x ■ y has no nontrivial parallel sections. 
Then M is equipped with a strongly acyclic compatible system parametrized by A. 

Remark 2.38. The assumption of Proposition 12.371 implies that there is no global non- 
zero parallel section on each G-orbit. However the converse does not hold in general. 
On the other hand in the case of Hamiltonian torus action, the moment map image of a 
G-orbit with a global non-zero parallel section on it is a lattice point in the dual of the 
Lie algebra. In this case it may be expected that there would exist a strongly acyclic 
compatible system on the complement of the inverse image of lattice points. If it were the 
case, we would have a localization of the Riemann-Roch number as a sum of contributions 
from lattice points. Proposition 12. 37[ however, does not realize this expectation. Actually 
the complement of the inverse image of the lattice points does not satisfy the assumption 
of Proposition 12.371 in general. We would need to delete neighborhoods of some extra 
points from the complelent to make it satisfy the assumption. In fact it is not hard to 
check that the contributions from the extra points to the Riemann-Roch number turn out 
to be zero, for instance, in the case of toric action, which implies that the localization to 
the lattice points is practically realized. 



Proof of Proposition 2.37 . By taking the union along G-orbits we may assume that each 
V x is G-invariant. According to Lemma r2.30[ and Remark l2.31[ we have a good compatible 
fibration on M using a good open covering {Vh} parameterized by A = {H}. Note 
that each Vh is contained in Ug x =hV x . Fix a G-invariant cu-compatible almost complex 
structure J on M. Then using the associated G-invariant metric gj we can construct a 
compatible Riemannian metric on M as follows. It is sufficient to construct metrics of 
T[7Tff] for each H G A and T[phk] for a sequence H C K, and check the compatibility 
coming from ([2]) and ([3]). The metric on T[7r^] is defined as the restriction of gj, and the 
metric on TUh = T{Vh / H^) is defined as the quotient metric of gj. Note that the fiber 
of Phk is the quotient of the if -'--orbit by the i^-orbit. Then the metric on T[phk] is 
defined as the quotient of the restriction of the metric gj on H -'--orbit by the i^-action. 
It is straightforward to check the compatibilities. We remark that the metric gj restricted 
to each orbit is a flat affine metric because it is G-invariant. 
Let W be the Z/2-graded compatible Clifford module bundle 

W = A" C TM C ® L 

with Clifford module structure c: Cl(TM) — > End(W) defined by We show that W is 
a compatible Clifford module bundle with some more additional structures. For H G A, 
let {T[tth] © JT[tih]) 1 ' be the orthogonal complement of T[7r#] © JT [tth] with respect 
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to gj. Since (gj,J) is G-invariant if^-action preserves (T[tih} © JT[-kh\)~ l and JT\kh\- 
Then we define 

E H := (T[-k h ]®JT[<k h ]) L /H x , 

F H := JT{k h ]/H l . 

It is obvious that TUh has the natural isometry TUh — Eh © Fh- 

Since gj is invariant under J, J preserves (T[tih] © JT[tth]) ± - In particular T[tih] © 
JT[tth] and (T[7r^] © JT[tih])' L have the structures of Hermitian vector bundles with 
respect to the restriction of (gj, J) to them. Moreover (gj, J) is G-invariant it descends 
to the Hermitian structure on Eh- Then, we define W\ t H and W 2 ,h by 

W hH := A 9 C {T[7T H } © JT[tx h ])c © L, 
W %H := A' c ( E h)c © L, 
and define the Clifford module structures 

c 1:H : Cl(T[7r H } © n* H F H ) -> End (W 1 , H ) , 
c 2>H : CI (E H ) ^ End (W 2 ,h) 
by the same formula as in By definition, TV H has a decomposition 

TV*, = {T[ii H } © vt^Fh) © 

as Hermitian vector bundles. With respect to this decomposition there are the following 
isomorphisms 

CI(TM)\ Vh = Cl(T[ir H }®7r* H FH)®Cl(Tr* H E H ), 

* CI{T[txh]®h h TUh) 

W\ Vh = W ltH ® 7r* H W 2 , H . 

Then by the direct calculation one can check c = Ci i #©C2 i # under the above identifications. 

Now we define a strongly acyclic compatible system {Dh} on W. Let V 7 ' 7 ^' : T(TVh) — > 
T(T*[7Th] ®TVh) be the the family of Levi-Civita connections along fibers of tth, namely, 

V T[n » ] =L* H ®q H oV™ oq H , 

where lh'- T\kh\ — > TVh is the natural inclusion, V™ is the Levi-Civita connection 
on TM with respect to gj, and qn'- TVh — > TVh is the orthogonal projection to T^jr] 
with respect to gj. induces the family of Hermitian connections on AqTMc\v h 

along fibers of tth, which is denoted by V a *™ c ' Vh . We define the family of Hermitian 
connections V H on W\v H along fibers of tth by 

V H := V A *™ cl ^ ©id + id©(4©idoV L ) : T(W\ Vh ) ->T(T*[tx h ]®W\ Vh ). 

Then we define D H - T(W\v H ) —> T(W\v H ) to be the family of de Rham operators along 
fibers of n H which is defined by 

D H ■= Ci :H °Ph ° V ff , 

where pn'- T*[tth] T[tth] is the isomorphism via gj. 

The restriction of L on each if -'--orbit has no non-trivial parallel sections because of 
the property Vh C Ug x =hV x and our assumption. It implies ker Dh = by Lemma 12.291 
Moreover since the collection of data {n H '■ Vh — > Uh,W, D H } satisfies the assumptions 
in Proposition I2.34[ {Dh} is strongly acyclic. □ 
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Remark 2.39. In the above proof we used the isomorphism between Z/2-graded Clifford 
algebras 

C7(Ti © T 2 ) = Cl{T x ) © Cl(T 2 ) 

for two real vector bundles T\ and T 2 with inner products. Our convention is as follows. 
Let A = A ® A 1 and B = B°Q)B l be two Z/2-graded algebras. Then we define a structure 
of a Z/2-graded algebra on the tensor product A®B as follows. The Z/2-grading is defined 
as the one for vector spaces, 

A © B = ((A ® B°) © (A 1 © B 1 )) © ((A © B l ) © (A 1 © B )). 

The multiplicative structure is defined by 

(a © b) ■ (a' © V) = (-l) dcg&dcga '(aa') © (66'), 

where a, a' e A U A 1 and 6, b' G B° U B 1 . Now let i? A and i? B be Z/2-graded A and S 
modules respectively. Then we define a structure of a Z/2-graded A © B-module on the 
tensor product Ra © -Rb by the following formula. 

(a © b) ■ (r A ® r B ) = (-l) dcgbdcgr ^(ar A © 6r B ), 
where a G A U A\ b G B° U B 1 , r A G R° A U and r B eR° B U R B . 

3. An index theory for complete Riemannian manifolds 

3.1. Formulation of index on complete manifolds. Suppose M is a complete Rie- 
mannian manifold, W is a Z/2-graded Hermitian vector bundle, and a : TM — >• End(W) 
is a homomorphism such that a(v) is a skew-Hermitian isomorphism of degree-one for 
each v G TM \ {0}. Let D be a degree-one formally self-adjoint first-order elliptic differ- 
ential operator on W with principal symbol a. We assume that a and the coefficients of 
D are smooth. We formulate an index theory on M under the following assumption. 

Assumption 3.1. • D has finite propagation speed: there exists a positive real 
number Cq satisfying |er| < Co uniformly on M, 
• There exist a positive real number A > and an open subset V of M with its 
complement M \ V compact such that 

'Vjlkllv' — ll-^llv 

for any smooth compactly-supported section s of W with support contained in V. 

It is known that the finite propagation speed implies that D is essentially self-adjoint 
[2]. We will give a direct proof of the following theorem. 

Theorem 3.2. D is essentially self-adjoint as an operator on L 2 -sections of W and its 
spectrum is discrete in (— \/~\o, \/Ao). □ 

The proof of the first part is given as Lemma 13.111 in Section 13.21 The rest of the 
statement follows from Proposition 13.141 in Section 13.31 

Definition 3.3. E\ is the vector space of smooth sections s of W such that s is L 2 - 
bounded and satisfies D 2 s = As. 

Theorem 13.21 implies that E\ is zero for A < 0, and E\ is finite dimensional for A < Ao- 
Moreover there are only discrete values A < Ao for which E\ is non-zero. Note that the 
super dimension of E\ is zero for < A < A , and hence the super dimension of ®\ < \ 1 E X 
is constant for < Ai < Ao- 
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Definition 3.4. ind-D is the super dimension of Eq, or the super dimension of ®\<\ 1 E\ 
for < Ai < A . 

The index has the following deformation invariance. Let {D t } (|t| < e) be a one- 
parameter family of degree-one formally self-adjoint first-order elliptic differential opera- 
tors on W with principal symbols {<J t }. 

Assumption 3.5. • Each D t and at satisfy Assumption 13.11 for common Ao and V. 
• On each compact subset of M the coefficients of D t are C°° convergent to those 
of D as t -> 0. 

We do not assume that the propagation speed is uniform with respect to t. 
We will show the following theorem in Section 13.41 

Theorem 3.6. Under Assumption \3. 51 ind Dt is constant with respect to t. 

Remark 3.7. So far we are fixing M and W. In Section [331 we will formulate a defor- 
mation for which M and W can vary. We give a proof of Theorem 13.61 so that it can 
be directly generalized to this case. The generalization immediately implies an excision 
property of index for complete Riemannian manifolds. 

3.2. Partial integration. We need two partial integration formulas. In general let W be 
a Hermitian vector bundle over a complete Riemannian manifold M, and D T : T(W) — > 
r(W) be a first order partial differential operator on W with smooth coefficients whose 
principal symbol is r. We assume that D T has finite propagation speed, i.e., r is a smooth 
L°°-bounded section of TM ® End(W). 

Lemma 3.8. Let s G r(W) is an L 2 -bounded section such that D*D T s is also L 2 -bounded. 
Then D T s is also L 2 -bounded and we have 



Lemma 3.9. Suppose s and si are L 2 -bounded sections ofW such that D t sq and D*s% 
are also L 2 -bounded. Then we have 



We follow the argument in jH] using a family of cut-off functions: 

Lemma 3.10. Let M be a complete Riemmanian manifold. 

(1) There is a smooth proper function f : M — > R such that \df\ is bounded and 

oo,c]) is compact for any c. 

(2) There is a constant C > such that for each e > and a Gl, we have a compact 
supported function p a ^ : M — > [0,1] which is equal to 1 on oo, a]), and 
satisfies \dp a ,e\ < Ce. 

A proof of the above lemma is given in [7]. For completeness we give a detailed construc- 
tion in Appendix [Dj The existence of such a function in 1 of Lemma 13.101 is equivalent to 
the completeness of M. For mored details see [7] . 

If we choose a Hermitian connection V on W, we can describe D T s = r • Vs + Bs, where 
B is a smooth section of End(W / ) and • is the combination of the product End(H / )®H / — > 
W and the contraction T*M <g> TM — > R. We do not assume that B is bounded. 
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Proof of Lemma \3.8i We first assume that s is smooth. We follow Gromov's proof of [H 
Lemma 1.1 B]. From the equality 

/ (D* T D T s, pl e s) = I (D T s, D T (pl,eS)) 
Jm Jm 

(7) = / (D T s, p\,D T s) + / (D T s, 2 Pa>t T{dp ate )s), 

Jm Jm 

there is a constant C independent of s, a, e such that 

||£)*£) T s||2||s|| 2 > \\p a ,eD T s\\l - Ce\ \p a , e D T s\ | 2 . 

It implies that, as a increases, | \p a><i D T s\ | 2 is bounded, i.e., D T s is L 2 -bounded. Using ([7]) 
again we have 

/ (D* T D T s,s) = \\D T s\\ 2 2 + I, \I\<Ce\\D T s\\ 2 \\s\\ 2 . 
Jm 

Taking e — > 0, we obtain the required equality. 

When s is not smooth, take a smooth compactly supported section which approximate 
s in L^-norm on the support of p a ^. Then we can reduce the argument to the smooth 
case. 

□ 



Proof of Lemma Iff. ,91 We first assume that s is smooth. We have 

0= / (D T {p a;e s ), Sl )- [ (s , D* T (p a>eSl )) = [ (D T s , Sl )- [ {s ,D* Sl ) + I' 
Jm Jm Jm Jm 

with an error term I' satisfying < Ce\ \sq\ I2I I2, which implies the required equality. 
When s is not smooth, we can reduce the argument to the smooth case as in the proof of 
Lemma 13.81 □ 

Using the cut off function and a standard argument we can also show: 

Lemma 3.11. Under Assumption \3. 1\ D is essentially self-adjoint. 

Proof of Lemma \3.11\ Suppose L 2 -sections u and v satisfies Du = v weakly. We show that 
for any e > there is a compactly supported smooth section u t satisfying \\u e — u\ \m < 2e 
and \\Du e — v\\m < 4e. Take a compact subset K such that |H|m\A", IM|m\K < e- Using 
Lemma 13.101 choose a smooth compactly-supported function p : M — > [0, 1] satisfying 
p = 1 on K and \dp\ < 1. Let K' be the compact support of p. Since D is elliptic, the 
weak equality Du = v and the regularity theorem imply that u is locally L 2 -bounded and 
there is a smooth sections u' satisfying — u\\k> < £ and \\Du' — v\\k> < £■ Then we 
have 

\\pu - u\\ M < \ \p(u - u)\\ K > + 11(1 - p)u\\ M ^K < 2e 

and 



\M 



\\D(pv!) — v\\m = I \dp • {u — u) + dp ■ u + p[Du — v) — (1 — p)v\ 

< \\u - u\\ K '^k + IMU''xK + \ \Du - v\\k> + \ \v\\m^k 

< 4e. 

It implies that D is essentially self-adjoint. □ 
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3.3. Min-max principle. In this section we use Assumption 13.11 for a single operator 
D, and Assumption 13.51 for a one-parameter family {D t }. 

Lemma 3.12. For any compact subset K containing M \ V there is a compact set K' 
containing K such that if s and Ds are L 2 -bounded, then we have the estimate 

^q 2 \ \ s \ \m^k ~ 2Aq //2 | \s\ \k'^k < I \Ds\ Im^k- 

Moreover if the coefficients of D t are C°° -convergent to those of Do = D on any compact 
set as t — > 0, then we can choose K' so that the above estimate is valid for any t sufficiently 
close to 0. 

Proof. Lemma [3JJ] implies that we can assume that s is smooth and compactly supported 
without loss of generality. From Lemma 13. 10} for any e > 0, there is a compact set K' 
containing K and a smooth non-negative function p : M — > M. such that p = 1 on M \ K', 
p = on K and \dp\ < e. Then the above estimate follows from the next two inequalities 

II rV Ml ^ \ 1 /2|| II ^ x 1/2 1 1 || ^ x 1/2 , , I, x 1/2 1 1 || 

W^KPSjUM d. IIP S I|V d- ^0 \\ S \\M^K> ^ \ \\ S \\M^K — A \\S\\k'^K, 

\\D(ps)\\ M < \\pDs\\ M + \\(T-{{dp)®s)\\ M < \\Ds\\ M ^ K + C(D,K')e\\s\\ KKK , 

where C(D, K') := maxi^/|o"|. The last statement of the lemma follows from the fact that 
C(D t ,K') is continuous with respect to t. □ 

Proposition 3.13. Suppose < Ai < Ao. Let {s^ be a sequence of L 2 - sections of W 
satisfying ||sj||m = 1? ond {ti} is a sequence convergent to 0. Suppose each D t .Si is L 2 - 
bounded and satisfies \\D ti Si\\ 2 M < \\. Then there is a subsequence {sj/} which is weakly 
convergent to some non-zero s^ ^ such that -DqSoo is L 2 -bounded and satisfies 



2 ^ \ ll„ ||2 
oollM 



Proof. Take a subsequence {si>} so that {sj/} and {D ti ,Si>} are weakly convergent to some 
Soo and in L 2 (M,W) respectively. Since D t is a smooth family, for each smooth 
compactly-supported section the sequence -Dt.,0 is strongly convergent to D$(f). The 
equality f M (D t .,(j), s v ) = f M {(j>, D t .,s v ) implies f M {D (f), s^) = / M (0,Uoo), i.e., D Soo = 
Uoo weakly. 

Since {.D^Sj/} is L 2 -bounded, Assumption 13.51 and a priori estimate imply that on any 
compact set is strongly L 2 -convergent to Soo. 

On the other hand for any compact set K containing M \ V there exists a compact set 
K' such that 

X 1 / 2 !! II r> \ 1/2 1 1 || ^ II n II ^ \V 2 

^0 I \ S i'\ \M^K — *\ \\Si'\\K'\K S \\- u t i i s i'\\M^K S \ 

by Lemma 13.121 If is 0, then we have ||sj'||j<r' x x converges to 0, which contradicts to 
H^i'IIm = 1 an d Ai < A . 

Suppose the estimate (EJ) does not hold. Then for any e > and any sufficiently small 
e' > there exists a compact set K containing M \ V satisfying ||soo||m\JC < e an d 
Al| | Soo | W 

+ e' < ||D Soo|||:- We choose e and e' so that they satisfy 8eA (l + 2e) < e'/2. 
Note that the weak convergence implies ||DoSoo|||: — lim inf i'-^oo H-CV/Sj'Hf^. Since Sj/ is 
strongly L 2 -convergent to on the compact set K, we have 



e' 



( 9 ) + 2 < W D i' S i' 



|2 
\K 
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for sufficiently large il . Let K' be the compact set containing K which gives the estimate 
in Lemma 13.121 for sufficiently small t. Since , is strongly L 2 -convergent to Sqo on the 
pre-compact set K' \ K, we have | ] -Sf | ] /c'^ < 2e for sufficiently large il . The estimate 
in Lemma [3.121 implies that we have AQ^ 2 ||sj'||M\_ft: < H-Dsi'lUiKX + 4eA^ 2 for sufficiently 

1/2 

large il . Taking square, and using Ai < Ao and | |Z?^St' 1 1 Af^ic < A/ , we obtain 

^i\\ s i'\\ 2 M^K < \ \ D i' s i'\\M^K + 8 e A (l + 2e) 

Adding with ([9]) we have Ai||sj/||| f < for sufficiently large i', which contradicts 

our assumption. □ 

For a single operator D we have 



Proposition 3.14. (1) Suppose A < A' < A . 

(a) If s G E x , then Ds is L 2 -bounded and \ \Ds\\ 2 M = A| |s| 1^. 

(b) E\ and Ey are L 2 - orthogonal to each other. 
(2) Suppose < A x < A . 

(a) dim (B\<\ 1 E\(D) < oo. 

(b) Let Rx 1 be the set of L 2 -bounded sections s satisfying \ \s\\m = 1 and \\Ds\Wj < 
Ao such that s is L 2 -orthogonal to @x<\ x Ex{D>) ■ 1} R\± is not empty, then the 
functional Ix± '■ R\ ± —> [0, Ao) , I\ 1 (s) = \ \Ds\\m attains its minimum value. 

(c) Let A2 = H-Dsoll 2 ^ be the minimum value of I\ 1 at a minimum sq. Then we 
have Ai < A 2 < A and s 6 E\ 2 

Proof. The first statement for A < A' < Ao follows from the partial integration formulas 
Lemma [3.81 and Lemma [3. 91 

Suppose Ai < Ao- If (Bxk^Ex^D) is not finite dimensional, then we have a sequence 
Ci in the infinite space with ||e$||jvf = 1 and mutually L 2 -orthogonal each other. Proposi- 
tion 13.131 implies that we have a weakly convergent limit for a subsequence with non zero 
limit, which is a contradiction. 

Suppose Si is a sequence in R Xl such that Ixi( s i) convergent to the infimum of 
Proposition 13. 131 implies that we have a weakly convergent limit 7^ for a subsequence 
such that So := Soo/|| s oo|| is an element of Rx which attains the infimum. For any 
compactly-supported smooth section s', let s" be the L 2 -orthogonal projection of s' to 
®x<x 1 E\(D) and put s'" = s' — s". Since so attains the minimum of the derivative of 
(so + ^ s/ ")/ll s o + ts"'\\M at vanishes, and we obtain 



/ (Ds ,Ds"') = \ 2 [ (s ,s'"). 
Jm Jm 

Since Ds'" = Ds' - Ds" and D 2 s"' = D 2 s' - D 2 s" is L 2 -bounded, Lemma E2] implies 

/ (s ,D 2 s"') = A 2 / (s ,s'"). 
Jm Jm 

On the other hand we have 



These relations imply 



s ,D 2 s")= / (s ,s") = 0. 
m Jm 



[ (s ,D 2 s') = X 2 [ (s ,s') 
Jm Jm 
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i.e., D 2 sq = A2S0 weakly. Lemma 13.81 implies that Dsq is L 2 -bounded and ||-Dso||ir 
A2||so||m = A2. Since so is L 2 -orthogonal to ffi A < Al .E A , 
theorem implies so is smooth and hence so € E\ 2 . 



we have Ai < A2. The regularity 

□ 



Corollary 3.15. Suppose X 1 < A . Let E be a Z/2 graded subspace of L 2 (M,W) such 
that such that Ds is in L 2 (M, W) and \ \Ds\ \ 2 M < Ai| \s\ \ 2 M for any s G E. Then E is finite 
dimensional and 

dim (B\<\ 1 E\(D) > dim£. 
Moreover the above inequality holds for each degree o/Z/2. 

3.4. Deformation invariance of index. For a family {D t } we have: 

Proposition 3.16. Suppose Ai < Ao- Let {ti} be a sequence convergent to and E^ be a 

Z/2 graded subspace of L 2 (M, W) such that D u s is in L 2 (M, W) and \\D t .s\\ 2 M < Ai | |s| 
for any i and s £ Ei. Then each E^> is finite dimensional and 

dim© A < Al D A (£)o) > limsupdim£ (i) . 

i— >oo 

Moreover the above inequality holds for each degree o/Z/2. 

Proof. Suppose dim (B\<\ 1 E\(D ) < dimE^'^ for a subsequence {i 1 }. Let Sj/ be an element 
of E^ > with ||sj/||jvf = 1 which is L 2 -orthogonal to (B\<\ 1 Ex(D ). Let be the L 2 - 
bounded section given by Proposition 13.131 Then the weak limit is also L 2 orthogonal 
to Q)\<\ L E\(D Q ), which contradicts Proposition 13.141 □ 

Remark 3.17. In the above proof the choice of can be generalized as follows: Fix an 
L 2 -orthonormal basis e±, e 2 , . . . , ejy of the finite dimensional space Q)\<\ 1 E X (D ). Fix any 
sequence {e^ }j' for each 1 < k < N which is strongly L 2 -convergent to as i' —> 00. Let 

be an element of E^ 1 '^ with ||sj'||j^ = 1 which is L 2 -orthogonal to all ej^ (1 < k < N). 
Then the rest of the proof remains valid. 

Corollary 3.18. For each degree o/Z/2 we have the inequality 

dim®x<x L Ex(D ) > limsup dim © A < Al £' A (L)i) 

t->o 

Proposition 3.19. Suppose Ai < Ao- For each degree o/Z/2 we have the inequality 

dim (B\ < \ E\(Dq) < lim inf dim © A<Al E\ (D t ) 

t-»o 

Proof. Let eo > be a sufficiently small number, which we fix later. Let ei, e2, . . . , ejv be 
an L 2 -orthonormal basis of the finite dimensional space E := © A<Al £' A (Do) consisting of 
eigenvectors of D with eigenvalues f/,i, /i2, ■ ■ ■ , //jv respectively. For a sufficiently large a 
and sufficiently small e > 0, the truncated sections e' { = p a€ e i satisfy 



Si 



{ e v e i>- 



M 



M 



< e 



for every 1 < i, j < N as in the proof of Lemma [3781 or Lemma [3791 Here Sij is Kronecker's 
delta. Let E' be the vector space spanned by e^. Since the support of all the e[ are 
contained in the compact support of p a%e , Assumption 13.51 implies that 



PifijS. 



M 



(Dte't, Dte'j] 



< e . 
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for every t sufficiently closed to 0. Let E' be the vector space spanned by e\. Then if eo 
is sufficiently small, each element s' of E 1 satisfies ||-Dts'||if < AiHs'H^. Corollary 13. 151 
implies dimE 1 < dim(Bx < x 1 Ex(D t ). It is easy to check that the above inequality holds 
for each degree of Z/2. □ 

Proof of Theorem \3.b\ From Proposition 13.141 there is < Ai < Ao such that E\ t = 0. 
Then Corollary 13.181 and Proposition 13.191 imply 

dim© A < Al £ A (A)) = |imdim© A < Al £ A (A) 

and the equality holds for each degree, from which the claim follows. □ 

3.5. Gluing formula. In this subsection we generalize Theorem 13.61 We first need to 
generalize Assumption 13.51 

Let (M, W, a, D, V) be as in Section 13.11 For i — 1, 2, ... we further suppose that the 
data (Mi, Wi, a iy D iy V$) satisfies the setting in Section 13~T1 

Suppose M has a sequence of compact open subsets {Kj} (i = 1,2,...) satisfying 
K\ U V = M, Ki C int(K i+ i) and M = Ui-fQ. Suppose there exists an isometric open 
embedding : int(Ki) — > Mi and an isomorphism 7j : W\i nt (Ki) — t*Wi as Z/2-graded 
Hermitian vector bundle over int(Ki) for each %. 

If s is a compactly supported section of W, then Tis\i nt (Ki) makes sense as a compactly 
supported section of Wi for large i with supps C int(Ki) by extending as outside 
Li(supps). We simply write T^s for this section on Wi for large %. 

If K is a compact subset of M and is a section of Wi for large % with K C int(Ki), 
then T~ 1 (si\ t (K i ))\K is a section of W\k- We simply write T^s^k for this section. 

Then s \-> {/^^(D^iS^x} is a differential operator on K for large i. We write i\Di for 
this operator on K. 

Assumption 3.20. (1) ^(M \ V) = \ VJ. 

(2) The data (Mi, Wi,o~i, Di,Vi) satisfy Assumption 13.11 with the same constant Ao for 
(M,W,a,D,V). 

(3) On each compact subset K of M the coefficients of the differential operator l*D{ 
is C°°-convergent to those of D on K as i — > oo. 

We do not assume that the propagation speed of {D{\ is uniformly bounded with 
respect to i. 

Theorem 3.21. Under Assumption ind Di is equal to ind D for large i. 

Proof. The most of the arguments in Sections 13.31 and 13.41 go through. 

The statement and proof of Proposition 13.131 is straightforwardly generalized with re- 
placement of D t . by Di. 

The statement and proof of Proposition 13.191 is also straightforwardly generalized. 

To generalize Proposition 13.161 we need the construction in Remark 13.171 As for the 
statement we replace D ti with Di, and let be a Z/2 graded subspace of L 2 (Mi,Wi). 
As for the proof take e^ with support contained in int(Ki). Let Sj/ be an element of E^'^ 

with Hsj'Hm, = 1 which is L 2 -orthogonal to all ' (1 < k < N). Then the rest of the 
proof remain valid. 

Then the argument of Section 13.41 can be straightforwardly generalized to show Theo- 
rem E2U □ 
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When M has two (or more) connected components while each M»' is connected, Theo- 
rem 13.211 is regarded as a gluing formula of index as explained below. 

Proposition 3.22. Let (M, W, a, D, V) be a data satisfying Assumption \3.1\ Suppose 
M is the disjoint union of M' and M" . Let (W',a',D',V) and (W", a", D", V") be the 
restrictions of (W, o~, D, V) to M' and M" respectively. Then we have 

ind A = ind D' + ind D" , 

for sufficiently large i. 

Proof. Since ind D = ind D' + ind D", Theorem 13.211 implies the required gluing formula. 

□ 

The following vanishing lemma follows from the partial integration formula Lemma 13.81 
and the second inequality in Assumption 13.11 

Lemma 3.23. Let (M,W,a, D,V) be a data satisfying Assumption \3.1[ If M — V , then 
we have ker D n L 2 (W) = 0. 

Using the gluing formula Proposition 13.221 and the above Lemma I3.23[ we have the 
following excision formula of index. 

Proposition 3.24. Let (M, W, a, D, V) be a data satisfying Assumption \3.1[ Suppose M 
is the disjoint union of M' and M" , and M" is contained in V . Let iW' , a', D' , V) be the 
restriction of (W, a, D, V) to M' . Then we have 

ind Dt = ind D' 

for sufficiently large i. 

3.6. Product formula. Following Atiyah and Singer p], we formulate a product formula 
for elliptic operators. Except that we need Lemma [3.81 for partial integration on complete 
Riemannian manifolds, the argument is exactly the same as in pQ. The main purpose 
of this subsection is to formulate Assumption 13.261 below, which is crucial for the case of 
complete manifolds. To apply the product formula it is necessary to check the assumption 
for specific operators, which is our another task and is carried out in Section |5j 

For k = 0,1 let be a complete Riemannian manifold, Wk a Z/2-graded Hermitian 
vector bundle over M^, and Dk : T(Wk) — > T(Wk) a degree-one formally self-adjoint 
order-one elliptic operator with principal symbol o~k- 

Let G be a compact Lie group and P — > M a principal G-bundle. Suppose G acts on 
Mi isometrically, W\ is G-equivariant Z/2-graded Hermitian vector bundle, and Df, is a 
G-invariant operator. 

Then M = Px G M 1 isjj^fiber bundle over M with fiber M 1 . We write n : Mj-> M for 
the projection map. Let W and W\ be the vector bundles over M defined by W = ir*W 
and W\ = P x G Wi, and we put W = W <S> W\. 

We would like to lift Dq and D\ as operators on W . The lift of D\ is given straightfor- 
ward: Defining the operator D\ on T(Wo <8> Wi) by e <S> D\ on each fiber of tt : M — y Mo, 
where e : Wo — > Wq is equal to +id on the degree part of Wo, and to — id on the degree 
1 part of W\. 

We next construct D : T(W) — y T(W). Let {V a } be an open covering of M and 
{Pa} a partition of unity. Suppose we have local trivializations P\v a — V a x G with 
transition functions g a p. Using the local trivialization on V a we have the identifications 
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7T 1 (V a ) = V a x Mi and W\ n -i(y a ) — W \v a x W\. Let _D , Q be the operator on W\ n -i( Va ) 
defined by D using the product structure. We put D := ^ a p a D 0a p a . 

Lemma 3.25. DqD x + D\Do = 0. 

Proof. It follows from DiD 0a + D a Di = and Dip a — p a Di = 0. □ 

Let R be a G-invariant Z/2-graded finite dimensional subspace of T(Mi, Wi), and R 
the fiber bundle P Xq R over Mo . Then we have an embedding 

(io) r(M ,jy ® R) -> r(M,wo 

which is preserved by the action of Do- Let .Dr be the restriction of Do on r(M , Wo®R). 
Then Dr is a differential operator on Wq ® R with principal symbol do ® id^. 

Assumption 3.26. (1) -Do has finite propagation speed, i.e., o~o is L°°-bounded. 

(2) The data (Mi, W\,Di) satisfies Assumption 13.11 

(3) R = E (D l ). ' 

(4) The data (M, W, Dq + D\) satisfies Assumption 13.11 

We do not assume the second condition of Assumption 13. II for the data (M , W , D ). 

Recall that Df> is given by Dq via the embedding fjTTJT) . Since D\ = on the im- 
age of the embedding, Assumption 13.261 implies that the data (M , Wo <g> R, Dr satisfies 
Assumption 13.11 as well. 

Theorem 3.27 (product formula). ind(Do + D\) — indDn 

Proof. We show that the embedding fllOp gives the isomorphism E (D^) = Eq(D + Di). 
If s is in the image of Eq(Dr), then the construction of Dr implies that s is obviously 
in Eq(Dq + Di). From Lemma f3.8h nd Lemma [3.251 if s is an element of Eq(Dq + D\) we 
have 

0= f ((D + D 1 ) 2 s,s)= [ (D 2 s + D 2 1 s,s) = \\D s\\ 2 + \\D 1 s\\ 2 , 

i.e., Dqs — Dis — 0. In particular D\s = implies that s is in the image of the embedding 
ffTU]) . Moreover D s = implies s is in the image of E (Dr). □ 

4. Local index 

In this section we first define a class of Riemannian manifolds, and consider compatible 
fibrations and compatible systems on them which satisfy some natural conditions. For 
such a class we will define the local index of a strongly acyclic compatible system in this 
section and prove the product formula in the next section. 

Definition 4.1. Let M be a Riemannian manifold. If there exists an open subset V of 
M which satisfies the following properties, then we call M a manifold with the generalized 
cylindrical end V. 

(1) The complement M \ V is compact. 

(2) There exists a finite open covering {V^^b of V. 

(3) There exist families of Riemannian manifolds {Np}p & B and non-negative integers 
{ m li\l3eB such that each Np is an open subset of a closed Riemannian manifold and 
each Vp is isometric to Np x K>q , where M>o is the set of positive real numbers. 
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We identify Vp with N p x R and write V = UpNp x W>$. 

Let M be a manifold with the generalized cylindrical end V = Up^sNp x IR>q. Let 
{ir a , V a } a& A be a compatible fibration on V. Hereafter we take and fix a relatively compact 
open neighborhood of M \ V and put A := A U {oo}. Let {Pa} a6j 4 be an admissible 
partition of unity of M — U ae jV a . Here has the fiber bundle structure whose fiber 
consists of a single point. Let {W, D a } a ^A be a compatible system on V. In this section 
we consider the above data with the following translationally invariance conditions on the 
end. 

Condition (TI) 

(1) There is a bijective map between A and B. 

(2) Each V a is isometric to N a x W£g under the identification in (1). 

(3) Each N a has a fiber bundle structure N a — > Ujy a such that the fiber bundle 
structure V n — > U n can be identified with the induced fiber bundle structure 



(4) For each a G A, the Z/2-graded Clifford module bundle W\v a and the operator 
D a are invariant under the translation action of the IR^q -direction. 

(5) For each a E A, there exist an open subset N' a of N a and a positive real number 
e a such that N' a m N a and M = U (U aeA N' a x lR> e Q J, where R >ea is the set of 
real numbers greater than e a . 

(6) For each a G A there exists a compactly supported function on N' a such that 
Pa\N a xR™? is the pull back of it via the natural projection N' a x M> e Q Q —> N' a . 

A typical example of a data with Condition (TI) is a data on a manifold with cylindrical 
end V = N x R + which is invariant under the translation on the Indirection. We can 
define a product of two data with Condition (TI) in an appropriate and obvious way. 
The product also satisfies the same condition, which is crucial in the proof of the product 
formula. See Section |5] for details. 

We first show the following technical lemma for the above data which is used to show 
Theorem 14.71 

Lemma 4.2. Suppose that A is non-empty and V is connected. There exists an admissible 
partition of unity {Xa} a eA w hich satisfies the condition (5), (6) in Condition (TI) and 
supp(xa) <s supp(p Q ) for each a G A. 

Proof. Since A is a finite set it is enough to show that when we fix a G A, there exists 
an admissible partition of unity {Xa'} a 'eA °% M = ^J a , e xV a i which satisfies the condition 
(5) and (6) in Condition (TI), supp(x«) <s supp(p Q ) and supp(xa') = supp(/v) for all 
\ {a}. 

We first take and fix a non-decreasing function ip : IR> — > R such that 



and supp(</?) = [1/2, oo). We define p a : M — > M. by the composition p a := ip o p a . Then, 
by definition, we have supp(p a ) <s supp(p a ) and 



N a x r: 



>o 



-> U Na x W 



>o • 




(0 < r < 1/2) 
(l<r), 
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for all x G M. By normalizing the family of functions {pa} U {p a '}a'^a we obtain the 
required admissible partition of unity {x a '} a 'eA- ^ 

4.1. Vanishing theorem. Let M be a Riemannian manifold and V an open subset of 
M. Let {n a : V a — > £/ Q } a6 ,4 be a compatible fibration and {W, -D Q } aGj 4 a compatible 
system on V. Let {Pq} q6 ^; be an admissible partition of unity. In this subsection we 
assume the following three conditions. 

• M has a generalized cylindrical end V. 

• {^a : V a — > U a ,W, D a , p a } satisfies Condition (TI). 

• {W, D a } a£ A is strongly acyclic. 

For each a G A we put D' a := p a D a p a . Take any Dirac-type operator D on r(VF) which is 
translationally invariant on the end and a positive real number t. We define the operator 
acting on T(W) by D t := D + 1 £ a6A K- 

Remark 4.3. Note that D a and pp commute each other because pp is a pull-back of a 
function on Up and D a contains only the derivatives along fibers. 

Proposition 4.4. D t is elliptic for all t > 0. 

Proof. With the identification of tangent bundles and cotangent bundles via the Riemann- 
ian metric, the principal symbol at of D t is written as 

a t = co (id T M +t ^2 

PaPaPa ) i 

a 

where p a : TV a — > T[iT a } is the orthogonal projection. We put 

S := id TM +t ^ PaPaPa- 

a 

S is a symmetric operator. In order to prove the proposition it is sufficient to show that 
for each x G M S x : T X M — > T X M is a positive operator. By definition, for u G T X M we 
have 

(S x u,u) = \u\ 2 + t^\p a {x)p a {u)\ 2 > 0, 

a 

where we think p a {u) = if x^z V a . Moreover, (S x u,u) = if and only if u — 0. This 
implies S x is positive. □ 

We show the following fundamental lemma in our argument. 

Lemma 4.5. For each a the anti- commutator DD' a + D' a D is a differential operator along 
fibers of ix a of order at most 2. 

Proof. Recall that, for each a the principal symbol of horizontal direction D Ha of D with 
respect to n a anti-commutes not only with the symbol of D' a , but also with the whole 
operator D' a . The statement follows from this property. It is straightforward to check it 
using local description. Instead of giving the detail of the local calculation, however, we 
here give an alternative formal explanation for the above lemma. For b G U a let be 
the sections of the restriction of W on the fiber 7r~ 1 (6). Then W = JJ W& is formally an 
infinite dimensional vector bundle over U a . We can regard D' a as an endmorphism on W. 
Then D' a is a order- zero differential operator on W whose principal symbol is equal to D' a 
itself. Then, as a differential operator on W, the anti-commutator D' a D Ha + D Ha D' a is 
an (at most) order-one operator whose principal symbol is given by the anti-commutator 
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between the Clifford action by TU a and D' a . This principal symbol vanishes, which implies 
that the anti-commutator is order-zero as a differential operator on W, i.e., it does not 
contain derivatives of L^-direction. □ 

For an operator appearing in the above lemma we have the following a priori estimate. 

Lemma 4.6. For each fiber F ofn a and arbitrary differential operator Q of order at most 
2 along F , there exists a constant Cq such that the inequality 

<Cn [ \D a S F \ 2 



[s F ,Qs F ) 

J F 

holds for all sections s F . 

The following vanishing theorem is a main theorem in this subsection. 

Theorem 4.7. Let M be a Riemannian manifold with the generalized cylindrical end 
V. Suppose that M is equipped with the data {n a : V a — > U a ,W, D a , p a } which satisfies 
Condition (TI). Let D be a Dirac-type operator acting on T{W) which is translationally 
invariant on the end. Put D' a := p a D a p a and D t := D + t^2 a D' a for a positive number 
t > 0. Then the space of L 2 - solutions of the equation D t s = is trivial for all t 3> 1. 

To show this theorem we make several preparations. Let {Xa} a& A ^ e an admissible 
partition of unity constructed in Lemma [4.21 and put K a := supp \a- 

Lemma 4.8. (1) D' a is an elliptic operator on each fiber of n a which is contained in 
K a . 

(2) If Q is a differential operator along fibers of order at most 2, then there exists a 
constant Cq such that for each section s a satisfying supp s a C K a and D' a s a £ 
L 2 (W) we have an estimate 



y s a , Qs a/ 



< Co / \D' a s c 

M 



I M 

Proof. The first statement follows from the fact that p a takes positive values on K a . Note 
that since the data satisfies Condition (TI) we can choose the constants Cq in Lemma H~o1 
uniformly for all fibers of ir a contained in K a . The second statement follows from this 
fact. □ 

Lemma 4.9. There exists an operator Z which does not contain any differential terms 
and satisfying 

D 2 t =Y,XaD 2 Xa + Z. 

a 

Moreover Z does not depend on t. 

Proof. If x is an admissible function then it commutes with D a and hence we have 
[-Df,x] = [-DjX]- Using this equality and the fact [-D,x] does not contain any differential 
operators we have 

[[Dlxix] = [{D t [D t , X ] + [D t ,x]D t ),x] 
= [(D t [D,x} + [D,x]D t ),x\ 
= [D t , x ][D,x} + [D,x}[Dt,x} 
= 2[D, X ] 2 . 
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Put x := Xa and take summation for all a we have 

2D 2 - 2 X a Dl Xa = EttA 2 , xl X] = 2 Xa] 2 - 

Then Z := Xa] 2 is the required operator of order 0. 



□ 



Proposition 4.10. If s a is an L 2 -bounded section ofW such that Ds a and D' a s a are also 
L 2 -bounded section for all a £ A and supp s a C K a , then we have the inequality 



[ \D t s a \ 2 > 




+ / M 2 


1 M 


Jm 


Jm 



for all t > 1. 

We use the above proposition and lemmas to show Theorem 14.71 as follows. 

Proof of Theorem \4.T\ assuming Proposition 4-10 We take t ^> 1 so that the inequality 
in Proposition 14.101 holds. We first note that since M has a generalized cylindrical end 
and the data satisfies Condition (TI), an L 2 -bounded section s which satisfies D t s = 
is an element in the Sobolev space L\{W) for arbitrary k G N by the elliptic estimate, 
and hence s a = \aS is. Moreover since D t is translationally invariant it has the bounded 
extension D t : L 2 (W) — > L 2 (W). Then we can use the partial integration formula in 
Lemma [3.81 for D t s a , and we have s = as in the following; 



[D 2 t s, s) 



M 



Y] / (XaD 2 XaS, S)+ (ZS, S) 

a Jm Jm 

V" I / \D t s a \ 2 + / (Zs a , s ( 
„ \Jm Jm 



(Lemma 14.91 1) 



XaS) 



> 



> 



E 

a 

E 



\(Zs a , s c 



M 



M 



^Zs a , s c 



Al 



(Proposition 14. 



A I 



M 



□ 



4.1.1. Proof of Proposition \4-10[ For each fixed a E A, we can write D t as 
on V a , where we put 



D t = D^ + W' a 



Using these notations together with Q a 
we have 

D 2 = D% + tQ a + t 2 J2 Qd* + t 2D 



DD' a + D' a D and 



D'D' 



12 
a ■ 
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and since J M (D^ a s a , s a ) and J M (Qp a s a , s a ) are non-negative for an L 2 -section s a satis- 
fying the assumptions we also have 



\D t s c 



\ 2 >t 2 



M 



\D' a s a \ 2 -t 



M 



M 



From Lemma 14.51 Q a is a differential operator along fibers of ix a of order at most 2. 
Then from Lemma [4.81 2 there exist a constant C such that 

< a 



D' s I 2 



M 



Combining these inequalities we have 

/ \D t s a \ 2 > {f-C't) [ \D' a s a \ 2 . 
Jm Jm 

On the other hand using Lemma [4.81 2 again there exists a constant C" such that 



(Zs c 



M 



< C" 



M 



\D's I 2 



M 



and hence if we take t ^> 1 so that t 2 — C't > C", then we have 



/ \D t s a \ 2 > 


\ (Zs a ,s a ) 


+ / M 2 


)M 


Jm 


Jm 



Note that since A is a finite set we may assume that C and C" do not depend on a, and 
we complete the proof. 

4.2. Definition of the local index - Generalized cylindrical end case. In this 
subsection we give the definition of the local index of a strongly acyclic compatible system 
on a manifold M with the generalized cylindrical end V. Consider the data on V which 
satisfies the Condition (TI) and take any Dirac-type operator D acting on r(H / ) which 
is translationally invariant on the end. We assume that the compatible system on V is 
strongly acyclic. As in the previous Subsection we put D t := D + t^2 a p a D a p a . 



Lemma 4.11. If t is large enough so that the inequality in Proposition \.1Q holds, then 
D t satisfies the Assumption ^ . 1\ 

Proof. Since the principal symbol of D t is given by a linear combination of the Clifford 
multiplication of TM and that of fiber directions of {7T a }aeA, (i) °f Assumption 13.11 is 
satisfied. We show the condition (ii) of Assumption 13.11 Let s be a smooth compactly- 
supported section of W with supp s C V. Let {Xa} a &A ^ e ^he admissible partition of 
unity constructed in Lemma [4.21 For each s a '■= XaS we can apply Proposition 14. 10[ and 
hence, we have ||£)ts||y > 

Results in Section. 3 imply the following 



y as in the same way in the proof of Theorem 14.71 



□ 



Proposition 4.12. If t is large enough so that the inequality in Proposition 4-10 holds, 
then the space of L 2 - solutions of D t s = is finite dimensional and its super- dimension is 
independent for t ^> 1 and any other continuous deformations of data. 

Definition 4.13. We define the local index ind(M, V, W) as the index of D t in the sense 
of Section 3. 



In the case of cylindrical end we have the following sum formula of local indices. 
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Lemma 4.14. Fori = 1,2 let Mi be manifolds with cylindrical ends Vi = N{ x IR>o and 
N® be connected components of Nf . Suppose that there is an isometry : N± — > N®, and 
for some R > the map <p : N® x (0, R) — > A 7 ^ x (0, R) given by (x, r) H- (<j)(x), R — r) 
induces the isomorphism between the strongly acyclic compatible systems on them. Then 
we can glue Mi \ (N® x [R, oo)) and M 2 \ (N® x [R, 00)) to obtain a new manifold M 
with cylindrical end V = N x (0, 00) for N = (N\ \ N®) U (N 2 \ N®), and we also have 
a Clifford module bundle W obtained by gluing W and W on N° x (0, fi) = JV 2 ° x (0, R). 
Then we have 

ind(M, V, W) = md(Mi, V u W x ) + ind(M 2 , V 2 , W 2 ). 

4.3. Definition of the local index - general case. Let V be an open subset of M 
such that M \ V is compact. Assume that V has a strongly acyclic compatible system. 
We would like to define the local index for such a general case. The way to define it is 
almost same in [3]. To verify the construction we have to check the following. 

Proposition 4.15. For given (M, V, W) and the strongly acyclic compatible system (V a ^4- 
U a , D a ) on V we can deform them to (M', V, W) so that it has a cylindrical end with a 
translationally invariant strongly acyclic compatible system. 

To prove the proposition, it is enough to show the following lemma. 

Lemma 4.16. There exists a smooth admissible function f : M — > M and a regular value 
c of f such that oo,c] is a compact subset containing M \ V. 

To show this lemma, we first note that the following. 

Lemma 4.17. Let {V^} a£ A be the open covering of M which appears in the 4-th property 
in Definition \2.11\ For any subset D of M, let K(D) be 

K{D) = {J^\ a {D nVS). 

a 

Let h : M — > R be a smooth function. Let J be a connected interval. If K(D) C h~ l (J), 
then we have D C J(/i)~ 1 (J), where I : C°°(M) — > C°°(M) is the averaging operation. 

Proof. Use the fact vr Q ; 1 7r Q ,(V^ / ) = V£ and the inequality in Definition 12.111 □ 



Proof of Lemma \4.16\ Since each ir a is a proper map, the subset K(M \ V) defined in 
Lemma 14.171 is compact. Let fo ■ M — > K be the distance function from the compact 
subset K[M \ V). Take a real number r > so that f^ 1 ^, r] is a compact neighborhood 
of K(M s V). Let e > be a positive real number satisfying 2e < r. Let h : M — > R be 
a smooth function such that \fo(x) — h(x)\ < e for all x G M, and we put / := 1(h). Let 
c be a regular value of / satisfying e < c < r — e. Then we have 

K(M^V) = f^(0)ch- 1 (-e,e). 

By Lemma [4.171 we have 

M\Vcr 1 (-e,e)cr 1 (-oo,c]. 

Suppose that x ^ K(h~ l (— 00, c]). Then one has K({x}) C /i _1 (c, 00), and it implies 
x ^ f~ l (— 00, c] by Lemma [4.171 Then we have 

f-\-oo,c\ C K(h-\-oo,c]) C K(fo\-oo,c + e]) C ^[O.r]). 

In particular f~ x (— 00, c] is compact. □ 
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Definition 4.18. We define the local index ind(M, V, W) to be the local index for the 
deformed data (Af , V, W). 

Note that the local index ind(M, V, W) is well-defined, i.e, it does not depend on various 
choice of the construction. It follows from the sum formula (Lemma l4.14p and Theorem 14. 71 
as in the same way in [I] . The well-definedness means the excision property of local index. 

Theorem 4.19. Let M be a Riemannian manifold and V an open subset such that M\V 
is compact. Let W be a ^-graded Cl{T M)-module bundle on M and suppose that the 
metric on V is a compatible metric and V has a strongly acyclic compatible system. Let 
M' be an open neighborhood of M \ V with V D M' admissible. Then we have 



ind(M, V, W) = ind(M', V n M', W\ 



The local index ind(M, V, W) also has the following property. 



Theorem 4.20. Let M, V, and W be the data as in Theorem \4-19{ Suppose that V 



is 



an admissible open subset of V with M \ V compact. Then we have 

ind(M, V, W) = ind(M, V , W). 

Note that if M is closed, then ind(M, V, W) is equal to the index of the Dirac-type 
operator D because of the homotopy invariance of indices. Using the excision property, 
additivity for disjoint unions and vanishing theorems we have the localization theorem. 

Theorem 4.21. Let M be a closed Riemannian manifold and V an open subset. Let W 
be a Cl(TM) -module bundle on M and D a Dirac-type operator acting on T(W). Suppose 
that V has a strongly acyclic compatible system. Let ijf =l Vi be an open neighborhood of 
M \ V such that V\ C\Vj = if i ^ j . Then we have the following equality. 

N 

indD = J2 in d(^, Vi n V, W\ Vi nv). 

i=l 

Remark 4.22. The arguments in this section are valid in orbifold category. 

5. Product formula of local indices 

In this section we formulate the product of acyclic compatible systems. Once we have 
an appropriate formulation of the product, then we obtain the product formula of local 
indices of the strongly acyclic compatible systems by results in Section 3. 

5.1. Product of compatible fibrations. In this subsection we formulate a product 
of compatible fibrations. The product is defined for the following collection of data for 
i — 0, 1 which satisfy the Assumption 15.11 

(1) Mi : a manifold. 

(2) Vi : an open set of Mj. 

(3) {^i, a '■ Vi,a U i>a , Ui ja /3 \ a, (3 G Aj} : a compatible fibration on Vi. 

(4) G : a compact Lie group which acts smoothly on M\. 

(5) 7Tp : P — y M : a principal G-bundle over M . 

Assumption 5.1. (1) V\ is G-invariant and the fibrations V\_ a — > £/i, a , V\^ a H V\$ — > 
t/i jQ/ g and Ui tCt p —> ^^(Vi^flVi^) are G-equivariant fiber bundles for all a, (3 e A±. 
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(2) there exist principal G-bundles P a — y Uo <a , P a p — > Uo <a p and bundle maps P\v , a nv g 
Pa Ittq^ fa/3; Pa/3 ^ -fa l^o , a {v , a nv 0>l3 ) for all a,/3 G A such 

that the following diagrams commute; 



a|wo,a(Vb, a nVo„8) 



^0,a (Vo,q Pi Vo,j3 



Vo,o H Vo,/3 fa/3 

Ta/3 

r 'o,a/3 



fa|7ro,c«(Vb,c«n'Vb,^) 




f/3 Uo >( 3(Vo,anVo,/3) 



For later convenience we take an open neighborhood Vi >00 of Mi \ Vi and consider the 
trivial fiber bundle structure 7Ti i00 : V^ )00 —> Vi )00 . In other words we consider a compatible 
fibration {7r iiQ , : Vj )0 — >■ t/j )Q | a G A, U {oo}} on Mj = ^ >00 U (U a Vj jQ! ). Let M be 
the quotient manifold by the diagonal action of G on P x M\. Then the natural map 
it : M — y M is a fiber bundle whose fiber is equal to M±. To define a structure of 
compatible fibration on M we first prepare several notations for i — 0,1. 

• Ai := Ai U {oo}. 

• A := A x A 1 . 

• A := A x (oo, oo). 

• V mhai := P\v , ao x g V lm for a G A;. 

• ^Q ,ai : = fa X G U 1jOC1 for a G A;. 



• ^(ao.aOOSo^i) 

* ^ := U(a ,ai)6A ^cto.ai- 

Then we have the following. 
Proposition 5.2. ^4 collection of data 



{n 



U (a | (a ,ai), (/3 ,/3i) G A} 



zs a compatible fibration on V = |L a o ai ) 6A "a ,ai- 

5.2. Product of acyclic compatible systems. In this subsection we define a product 
of acyclic compatible systems. To define the product we consider the following data 
together with the data 1, 2, 3, 4 and 5 in Subsection 5.1. 

(6) a compatible Riemannian metric on Mj. 

(7) Wi : a compatible C7(TMj)-module bundle over Mj. 

(8) {Di !a | a G A} : strongly acyclic compatible system over Vi = U a eAiVi ja - 
Together with Assumption 15.11 we assume the following. 
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Assumption 5.3. The metric on Mi is G-invariant, and W\ — > Mi and {Di a } are 
G-equivariant. 

From the Assumption 15.11 (2). the restrictions of P at each fibers of 7r 0ia are trivial. 
Moreover we have the following. 

Lemma 5.4. There exists a connection on P which is trivial flat over each fibers of Kq j01 
for all a G A . 

Proof. Take connections V a for each P a — >■ Uo, a - Let V Q be the pull-back connections of 
them to P\v , a ~ ► Vo,a by ^o.a- Define a connection V on P by patching {V q }q, by an 
admissible partition of unity {p„} a , which satisfies the required property. □ 

Using this connection on P and the compatible metric on Mq we have the metric on 
P, and hence the metric on M. Moreover since the connection is trivial along fibers 
of {^o,a} it induces a family of connections of {P a } and {P a p}, and hence a family of 
metrics on them. Combining them with the G-invariant compatible metric on M\ we 
have a family of metrics of {T[7r aoai ]}, {TU aoai } and so on. It defines a compatible 
metric of a compatible fibration M = U( a0)ai )T4, 0)Q:i . We put Wo := n*Wo = n* P Wo x G Mi, 

Wi := P x G W\ and W := W <8> W\. Then W — > M is a compatible Clifford module 
bundle of M — U( ct0jQ , 1 )V r a0iQ , 1 with respect to the above induced compatible metric. Now 
we define differential operators -Do,o an d Di jCC1 for each «o G Aq and ct\ G A\ which 
act on r(H / |v Q0 , ai ) and r(Wi|y J respectively. The operator D^ ai is the one induced 

from the G-equivariant operator D\ ai on r(Wi|v 1;Cei )- On the other hand -D , ao is the 
operator defined as follows: Since -D , Qo is a differential operator along fibers of 7r 0iQo and 
P is trivial at each fiber of 7io,a , we can define the operator acting on the restriction 
r(7TplVo|fiber X G Mi) using D 0ao | fiber and a trivialization of P|fiber- Since such operators 
along fibers do not depend on trivialization we have a differential operator -Do,q acting on 
r(Wo|v a iQ!1 ). Using these operators we define an operator acting on r(W|y) by D a0jOll := 
D , ao <8>id^ +e^ o <g> D 1>ai , where e^ o is a map on W defined by e^ Q (v) := (-l) dcgv v. For 
later convenience we put -D Q0iOO = Doo,ai — 0. 

Proposition 5.5. A collection of differential operators {D ao>ai | (a , ot\) G A} is a 
strongly acyclic compatible system on (V,W\v)- 

Proof. Since -Do,a ® id^ and cg> Di, ai anti-commute each other we have 
(E^ 00 ' 01 ^ 00 ' 01 ) = I E I E^ Qo ' Ql ) Do,a I ®id^ 



a \ ai 



+ id w ® [ Yl [ E ta °> a i J 

for any family of non-negative numbers (£ ao , ai ), and the equality among anti-commutators 

{D a0iai ,D a ^ ali } = {D 0>ao ,D 0:a > o } ®id^ i +id^ <8){5i !ai ,5 1)O! ' i }. 
These equalities imply that if {D ia .} ai are strongly acyclic compatible systems, then 
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5.3. Product formula. To apply results in Subsection 4.1 and 4.2, we have to deform 
the end of Mj and M as in the following way: we can deform Mj into Mj so that Mj has 
the generalized cylindrical end, and, as we showed in Subsection 4.3, we may assume that 
the strongly acyclic compatible systems and admissible partitions of unity on Mj satisfy 
Condition (TI). We may also assume that the deformation M\ for M\ is G-equivariant. In 
addition we can deform P into P together with its connection so that it is translationally 
invariant on the end. Then one can check that the product M = P Xg Mi has the 
generalized cylindrical end. Because of the excision property of the local index, we have 
that Mi (resp. M) and Mj (resp. M) have the same local index. So hereafter we assume 
that Mi and M has the generalized cylindrical end and all the data satisfy Condition (TI). 

Let {Pi a } a( zX De admissible partitions of unity of Mj. We may assume that {p\ a } 
is G- invariant. Using these partitions of unity we have an admissible partition of unity 
{pl ,a 1 }( ao , ai )eA onM = U( Q0 , ai )K 0iai which is defined by p a(hai ( [u, y] ) := Po, ao {n(u))p 1)0ll {y) 
for [u, y] G M. 

For any translationally invariant Dirac-type operators Di on r(Wi), using a local triv- 
ialization of P we have their lifts D cg> id^ and (g> Di on TfW) as in Subsection 3.6. 

Note that D := D (g) id^ +e^? <S> D\ is a translationally invariant Dirac-type operator 
on T(W). 

Because of Lemma 15.51 if we take a positive number t large enough, then the inequality 
in Proposition I4.10l holds for deformed operators D i t and D t on Mj and M. On the other 
hand we have a decomposition D t = Df + D[, where 



Note that Df is a differential operator along fibers of n : M — y M . They anti-commutes 
each other. Namely, 

Lemma 5.6. DfD? + Df ' D? = 0. 

Moreover since Mi and M have the generalized cylindrical end structure, we have the 
following by Lemma 14.21 

Lemma 5.7. D t and Df satisfy Assumption ^. 2(A 

When we write ker-D^j = E° © E 1 as the G-equivariant Z/2-graded vector space, G- 
equivariant local index of (M 1; Vi, Wi) can be written as ind^M^ Vi, W\) = [E°] — [E 1 ] G 
R(G). Let E_ l be the vector bundle over M defined by E_ l = P x G E % . Then the strongly 
acyclic compatible system on (Mo, Vq, Wq) induces another strongly acyclic compatible 




TORUS FIBRATIONS AND LOCALIZATION OF INDEX II 35 



systems on (M , Vb, Wo £g> E?) via {D 0ja £g> id E i} for % — 0, 1. Lemma EH Lemma I5TT1 and 
the product formula in Section 3 imply the following product formula of local indices. 

Theorem 5.8. We have the following product formula. 

ind(M , Vb, Wo <8> E°) - ind(M , V , W ® i? 1 ) = ind(M, V, IV) G Z. 

6. FOUR-DIMENSIONAL CASE 

6.1. Local indices for elliptic singularities. A critical point of a 2n-dimensional sin- 
gular Lagrangian fibration /i : (M, oS) — > B is called a nondegenerate elliptic singular point 
of rank k (< n) if there exists a symplectic coordinates Xi, . . . , x n , y±, . . . , y n such that in 
these coordinate, /i is written as /i = (sci, . . . ,x k ,xl +1 + yl +1 , . . . , x 2 +?/ 2 ). See [T2~ j [TT | [5]. 
In this subsection we calculate local indices for elliptic singularities in four-dimensional 
case. 

6.1.1. Definition of RRo(ai, a 2 ) • Let D := {z G C | \z\ < 1} be the unit open disc in C. 
Let Xq be the product of two copies of D with symplectic structure 

2 



LO 



-^Tdz k A dz k , 



2tt 

k=l 



and (L , V io ) a prequantizing line bundle on (Xo,w ). 

Let us consider the structure of a singular Lagrangian fibration /i : (X , Wo) _ > [0, 1) x 
[0, 1) on X which is defined by 

li (z) : = (|zi| 2 , \z 2 \ 2 ) . 

We put the following assumption. 

Assumption 6.1. The cohomology groups H* ^/!q 1 (b); (Lo, V^ )!^-^ J vanish for all 
points 6 G [0, 1) x [0, 1) except for b = (0, 0). 

Let a\ and 02 G 7L be arbitrary integers. We define a good compatible fibration on 
Xq \ {(0, 0)} consisting of three quotient maps of the torus actions by 



tt° : V ° := Xo D (C* x C*) -> U% := V ° /T 2 
. 



n°:V 2 ° 



{(zi,* 2 ) G X, 



1 \ z l\ 


> 


\ z 2 > ki 2 


+ «1 22 


1 N 


< 


1^2 ) «2 pi 


2 + |*2| 



where the T 2 -action on V^ is the standard one, the S^-action on V® is defined by 

(11) t(z 1 ,z 2 ):=(tz 1 ,t ai z 2 ), 
and the S^-action on V 2 is defined by 

(12) t{z 1 ,z 2 ):={t a2 z 1 ,tz 2 ). 

We take and fix an arbitrary Hermitian structure (go, Jo) invariant under the standard 
T 2 -action on Xo and compatible with uo- Since go is T 2 -invariant go induces a compatible 
Riemannian metric of this compatible fibration. 

Let Wo be the Hermitian vector bundle on X which is defined by 

Wo := A^(TA )c ® L Q . 
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Wo is a Z 2 -graded Clifford module bundle with respect to the Clifford module structure 
(jHJ). We take a compatible system {-Dj}i=o,i,2 to be the family of de Rham operators along 
fibers of 7if (i = 0, 1, 2) which is defined by the same way as in Example 12.281 By Assump- 
tion [6J] and the definition of V® (i = 1,2) the kernel of all Di vanish. We should notice 

that for z G the cohomology groups H* yjr^) 1 (tt^(z)) ; (L , V L °) l^.^- 1 ^^ J van ~ 

ish if and only if z satisfies the equality |^i| 2 + ai|^2| 2 ^ Z for i — 1 and «2 1 ^i 1 2 + I ^2 1 2 ^ Z 
for i — 2. Hence {Di} is strongly acyclic. 

Definition 6.2. Let D be a Dirac-type operator on Wo- We define RRo(ai, 02) to be the 
local index in the sense of Definition 14.181 with respect to D and the above data. 

Remark 6.3. RRo(ai,a 2 ) does not depend on the choice of a compatible Hermitian 
structure (go, Jo) since it is deformation invariant. 

6.1.2. Definition of RR 1 (a+, a.) . Let X l := (0, 1) x S 1 x D be the product of (0, 1) x S 1 
and D with symplectic structure 



cui := dr Ad9 + — dz A dz 

2vr 

for (r, e 27rv/ ~ T6) , 2) 6 Xl, and (L±, V Ll ) a prequantizing line bundle on (Xi, uj\). 

Let us consider the structure of singular Lagrangian fibration fi 1 : (Xi,Ui) — > (0, 1) x 
[0, 1) which is defined by 

Hx(r,u,z) := (r, \z\ 2 ) . 

We put the following assumption. 

Assumption 6.4. For all points b G (0, 1) x [0, 1), H*(^ l (b); (L u V Ll )| M -v 6 vanish. 



Let a + and a_ G Z be arbitrary integers. We take an element r\ G (0, 1) and fix it. 
Then, we define a good compatible fibration on Xi\^ (r\, 0) consisting of three quotient 
maps of the torus actions by 



7T, 



7T 



7r<J : K 1 



(0,l)x5 1 x( J Dx{0})^f/ 1 :=K ) 1 /T 2 , 

{(r,u,z) G (n,l) xS'xfl \ r + a + \z\ 2 <£ Z} -»■ t/J := V^/S 1 , 
{(r,u,z) G (0,ri) xS'xD | r + a_|^| 2 £ Z} -»■ [/* := V r 2 1 /5 rl , 



'2 • '2 

where the T 2 -action on V^ 1 is defined by 

t(r,u,z) := (r,t 1 u,t 2 z), 
the ^-action on is defined by 

t(r,u,z) := (r,tu,t a+ z), 
and the S^-action on V^ 1 is defined by 

t(r, u, z) := (r,tu,t a ~ z). 

We take an arbitrary Hermitian structure (g±, J\) which is invariant under the standard 
T 2 -action on X\ and compatible with uj\ and fix it. We define the Z 2 -graded Clifford 
module bundle W\ and the strongly acyclic compatible system in the same way as in 
Section EXU 
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Definition 6.5. Let D be a Dirac-type operator on W\. Then, we define RRi(a + , a_) to 
be the local index in the sense of Definition 14.181 with respect to D and the above data. 

Remark 6.6. RRi(a + ,a-) does not depend on the choice of a compatible Hermitian 
structure (gi,Ji) since it is deformation invariant. 

6.1.3. Computation. First we can show the following lemma. 

Lemma 6.7. For integers a,b,c £ Z we have 

RR (a, b) = RR (b, a) , RR 1 (a,b) = RR X (a + c,b + c). 

Proof. We prove the latter equation. The proof of the former equation is similar. Let 
ip: (0, 1) x S 1 x D — > (0, 1) x S 1 x D be the diffeomorphism which is defined by 

<p(r, u, z) = (r, u, u c z). 

On the target space of tp we consider the same compatible fibration as {7r^}j = o,i,2 except 
that a and b are replaced by a + c and b + c, respectively. Then tp induces an isomorphism 
between compatible fibrations. 

As the other data on the target space of tp we consider the data which are induced from 
those on the source space by tp~ l . Then the local index for the induced data on the target 
space is nothing but RR\(a, b). 

On the other hand, the data (tp~ l )*ui and (<£> -1 )*V Ll can be deformed to u\ and V Ll 
by linear deformations. Since the local index is invariant under continuous deformation 
this implies that the latter equation. □ 

Moreover, we can also show the following lemma by Theorem 14.191 

Lemma 6.8. 

RRo(a, b) = RR (a, b) + RR 1 (a! , a), RR^a, c) = RR^a, b) + RRt{b, c). 
Then we can calculate RRo(ai,a 2 ) and PPi(a+,a_). 
Theorem 6.9. 

RR (ai,a 2 ) = 1, RR\{a + ,aJ) = 0. 

Proof. We show RRq(0, 1) = 1 and RRq(0,0) = 1. Then the theorem follows from these 
equalities and Lemma 16.71 and 16.81 

First we show RRq(0, 1) = 1. Let us consider the standard toric action on CP 2 with 
hyperplane bundle as a prequantizing line bundle. We adopt the moment map /i of this 
action as a singular Lagrangian fibration. The image B of fi is the triangle in M 2 with 
vertices (0,0), (1,0), (0,1), and fi has three Bohr-Sommerfeld fibers which corresponds 
one-to-one to three fixed points [1 : : 0], [0 : 1 : 0], [0 : : 1] of the toric action. 

We construct a compatible fibration on CP 2 \ {[1 : : 0], [0 : 1 : 0], [0 : : 1]}. 
For each k £ Z/3 let be a pairwise disjoint T 2 -invariant open neighborhood of {[zo : 
*i : z 2 ] £ CP 2 | z k = 0} \ {[1 : : 0], [0 : 1 : 0], [0:0: 1]}, and G k the stabilizer 
of {[z : z x : z 2 ] £ CP 2 | z k = 0} \ {[1 : : 0], [0 : 1 : 0], [0:0: 1]}. Each G k is 
a circle subgroup in T 2 and G k ^i acts on V k freely. Then we put U k := V k /G k -i and 
define n k : V k U k to be the quotient map. We also put V4 := C/4 := B \ dB and define 
vr 4 : V4 — > to be the identity map. These data define a good compatible fibration on 
CP 2 \ {[1 : : 0], [0 : 1 : 0], [0:0: 1]}. 
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The Z2-graded Clifford module bundle and the strongly acyclic compatible system are 
defined by the same way as in Section 16.1.11 

Then by Theorem 14.211 the Riemann-Roch number is localized at [1 : : 0], [0 : 1 : 
0], [0 : : 1], and the contribution of each fixed point is equal to PPo(0, 1). 

On the other hand it is well-known that the Riemann-Roch number of CP 2 is 3. Thus 
we obtain PP (0, 1) = 1. 

Next we show PP (0, 0) = 1. It is a direct consequence of the product formula 15.81 and 
the fact [£>+] = l(see @J Theorem 6.7]). 

We can also show RRq(0, 0) = 1 in the following way. We consider CP 1 x CP 1 with 
standard toric action. The image of the moment map is a square. By the similar construc- 
tion as above the Riemann-Roch number is localized at four vertices and the contribution 
of any vertex is RRq(0, 0). On the other hand the Riemann-Roch number of CP 1 x CP 1 
is four. This implies PPo(0,0) = 1. □ 

6.2. Application to locally toric Lagrangian fibrations. In this subsection we apply 
the localization formula (Theorem I4.2ip . the product formula (Theorem I5.8p . and Theo- 
rem 16.91 to show that for a four-dimensional closed locally toric Lagrangian fibration the 
Riemann-Roch number is equal to the number of Bohr- Sommerf eld fibers (Theorem 16. 23|) . 

6.2.1. Locally toric Lagrangian fibrations. Let U£n be the standard symplectic structure 
on C n 



1 

- ^2 dz k A dz k . 



2ir 

k=l 



The standard action of T n on C n preserves uj^yi and the map Hc n : C n — > W l which is 
defined by 

jUc»(z) := (N 2 , • • • , \z n \ 2 ) 
for z = (zi, . . . ,z n ) G C n is a moment map of the standard T n -action. Note that the 
image of nc n is the n- dimensional standard positive cone 

:= {r = (r!,..., r n ) E W 1 : r t > i = 1, . . . , n}. 

Let (M, uj) be a 2n-dimensional symplectic manifold and B an n-dimensional manifold 
with corners. 

Definition 6.10 ([9] [13]). A map /i: (M, u) — > B is called a locally toric Lagrangian fibra- 
tion if there exists a system {(U a , °f coordinate neighborhoods of B modeled on IR™ , 
and for each a there exists a symplectomorphism : (/i _1 (f/ Q ), to) — > (n^l(Lp^(U a )),uJc n ) 
such that /j,£n o ip^ = ^ 

Note that a locally toric Lagrangian fibration is a singular Lagrangian fibration that 
allows only elliptic singularities. 

By the definition of a manifold with corners, B is equipped with a natural stratification. 
We denote by S^B the fc-dimensional part of B, namely, S^B consists of those points 
which have exactly k nonzero components in a local coordinate system. Then, it is easy 
to see that the fiber of ft at a point in S^B is a k- dimensional torus. In particular, all 
fibers of /i are smooth. 

Example 6.11 (Projective toric variety). The moment map of a nonsingular projective 
toric variety is a locally toric Lagrangian fibration. 
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Example 6.12 (Non toric example). Let c 6 N be a positive integer. We consider the 
diagonal Hamiltonian ^-action on (C 2 ,uc^) with moment map 

<&(z) := ||z|| 2 - c. 

It is well-known that the symplectic quotient ($ _1 (0), U£2 |$-i(o)) / S 1 is CP 1 with c 
times Fubini-Study form ufs- In the rest of this example we identify (CP 1 , cufs) with 
($- l (0),u;w\z- m ) /S\ 

Let Ji : (M, u) — > B be the singular Lagrangian fibration which is defined by 
(M, 2) := (K x 5 1 x CP 1 , drAdO® cw FS ), 
B := R x [0,c], 
Jl(r,u, [zq : zx]) := (r, l^] 2 ), 

where we use the coordinate (r, e 2ny ^ e ) elx 5 1 . For a negative integer a G Z (a < 0) 
and a positive integer 6 G N, we define the Z-actions on M and B by 

(13) n(r,u, [zq : zi]) := (r + n(-a|zi| 2 + &),«, [z : u na Zi]) , 

(14) n(r 1 ,r 2 ) := (ri + n(-ar 2 + 6), r 2 ). 

It is easy to see that (TTB1 and (|T4|) are free Z-actions and ({TBI preserves w. Then we put 

(M,w) := (M,£5)/Z, 
P := P/Z. 

It is also easy to see that /I is equivariant with respect to f|T3|) and jE]). Hence /I induces 
the map from M to P which we denote by /i: (M, oS) — > B. By construction, P is a 
cylinder and p is a locally toric Lagrangian fibration which has singular fibers on dB. 

Let p: (M 2n ,u;) — > B be a locally toric Lagrangian fibration. By definition, for each 
a there is a symplectomorphism </?^f: p _1 (Po,) — >■ fi^l(cp^(U a )), and p,^(if^(U a )) has a 
T"-action which is obtained by restricting the standard T n -action on C n . Then, it is 
known by [13], Proposition 3.13] that on each nonempty overlap U a C]Up there exists an 
automorphism p a p G Aut(T n ) of T n such that := tp^ 1 ° (v 9 ^ 7 ) -1 is p«^-equivariant, 
namely, 

for t E T 2 and x G Pc«(<pf {U a R Pg)). Moreover, we can show that p aj g's form a Cech one- 
cocycle {p^} on {P a } with coefficients in Aut(T n ). Hence it defines an element [{pa/3}] 
in the Cech cohomology P X (P; Aut(T n )). Then we have the following lemma. 

Lemma 6.13 ([13]). The Cech cohomology class [{pap}] is the obstruction class in order 
that the T n -actions on Pcn(<pf (U a )) for all a can be patched together to obtain a global 
T n -action on M . 

For more detail see |13j . 

Let qs '■ B — > B be the universal covering of P. Since the Cech cohomology H l (B\ Aut(T n )) 
is identified with the moduli space of representations of the fundamental group 7Ti(P) of 
P to Aut(T"), the fiber product q* B M := {(b,x) G P x M \ q B (b) = p(x)} admits a 
T n -action. 
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We take a representative p: irx(B) — > Aut(T n ) of the equivalence class of representations 
corresponding to [{p«^}]. Then the T n -action on q* B M can be written explicitly. See [HI 
Lemma 3.1] for the explicit description. 

On the other hand, by the construction, iti{B) acts on q* B M from the left by the inverse 
of the deck transformation, and it is shown that the T n -action and the ^(I^-action satisfy 
the following relationship 

(15) t(ax) = a (p(a~ 1 )(t)x) 

for t G T n , a G irx(B), and x G q B M. Let T n x p i^i{B) be the semidirect product of 
T n and t^i{B) with respect to p. Then, (fl5|) implies that these actions form an action of 
T n x p tti(B) on q* B M. For more details see [TJ]. 

Let qM- q* B M — > M be the natural projection. Note that q* M uj is T n x p 7Ti(£>)-invariant 
since u is invariant under the T"-action on p^iUa) induced by the standard T n -action 
on C n for each a. Now we show the following lemma. 

Lemma 6.14. There exists a Hermitian structure (g,J) on q* B M compatible with q* M u 
which is invariant under the action ofT n x p 7r 1 (i?). 

Proof. It is sufficient to show that the existence of an invariant Riemannian metric. Let 
g' be a Riemannian metric on M. We define the Riemannian metric g on q* B M by 

gz(u,v):= (ip*(q* M g'))~(u,v)dt, 

where (ft implies the T n -action for t G T n . It is sufficient to show that g is 7ri(5)-invariant. 
For a G ^i{B) we denote the 7ri(5)-action by <p a . Then we have 



(<P* a gHu,v)= I (<f ) :( V *M I g')))~(u,v)dt 

fi(a^){t) (0o(?W)))_ («» V ) dt 
y p (a-i)(t)(<l*M9'y) (U,v)dt 

det p{a~ l ) (^p* p[a -i m (q* M g')^(u,v)p(a 



, "dt 

/ X 

= 9x{u,v). 

Here we remark that detp(a~ 1 ) = ±1 since p{a~ l ) G Aut(T n ). □ 

Corollary 6.15 (the existence of an invariant Hermitian structure). There exists a Her- 
mitian structure (g, J) on M compatible with u such that on each p~ l {U a ) (g, J) is invari- 
ant under the T n -action on p _1 (£/a,) which is induced from the T n -action on Pcn(<pf (^a)) 
with the identification <p^f. 

Proof. By Lemma 16.141 there is a T n x p vr 1 (5) -invariant Hermitian structure (g, J) on 
q* B M compatible with q* M u. In particular, since (g, J) is tti(-B) -invariant, (g, J) induces 
an w-compatible Hermitian structure on M which is denoted by {g,J)- Then, (g, J) is 
the required one. □ 
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Lemma 6.16 (The existence of an averaging operation). Suppose that there exists a 
compatible fibration {7r a : V a — > U a } on M such that for each a a fiber of 7T a is contained 
in that of fx, namely, tt~ 1 'k 01 (x) C L.r l ii(x) forx G V a . There exists an averaging operation 
I : C°°{M) -> C°°(M) with respect to {ir a : V a -> U a }. 

Proof. For / G C°°(M) let / G C°°(q* B M) be the function on q* B M which is defined by 

7(5f) := / (foq M )(tx)dt. 

Then, by the similar way to that in the proof of Lemma I6.14[ we can show that / is 
T n x p ^(Z^-invariant. Hence it descends to the function on M. We denote it by /(/). 
Then, it is clear that 1(f) satisfies the properties in Definition 12.111 □ 

6.2.2. Bohr-Sommerf eld fibers and the Riemann-Roch number. Let fi: (M,oj) — > B be 
a prequantized locally toric Lagrangian fibration with prequantizing line bundle (L, V). 
Recall that, as described above, all fibers are smooth. 

Definition 6.17. A fiber F of \i is said to be Bohr-Sommerf eld if the restriction (L, V) | f 
is trivially flat. A point b of B is also said to be Bohr-Sommerf eld if the fiber // _1 (&) is 
Bohr-Sommerfeld. 

Remark 6.18. A fiber F of \i is Bohr-Sommerfeld if and only if the cohomology H*(F; (L, V)|j?) 
does not vanish, see Lemma 12.291 This is also equivalent to the condition that the de 
Rham operator on F with coefficients in (L, V)|_f has non zero kernel. 

First we specify Bohr-Sommerfeld points for the local model. 

Proposition 6.19. Let (L, V) be a prequantizing line bundle on (C n , uc«). Then, a point 
b G is Bohr-Sommerfeld if and only if b G 1R™ fl Z n . 

Proof. Since C n is contractible L is trivial as a complex line bundle. Then we can assume 
that L is of the form L = C" x C without loss of generality. Then, V can be written as 

V = d - 27r v /z L4 

for some one form on C" with dA = cjc«- Moreover A is unique up to exact one form 
since C n is contractible. In particular, A is of the form 

A = ^(zidzi - Zidzi) + df 
i=i 

for some smooth function / on C". 

By using the polar coordinate Z{ = r i e 2 ' K ^~^ 6i we can write /i<c and A in the following 
forms 

Li C n = (rl, ...,rl), A = r i d °i + d f- 

i 

In particular, we see that the tangent space along a nonsingular fiber of fic n is spanned 
by dg^s. Thus a direct computation shows that a point b G K" is Bohr-Sommerfeld if and 
only if 6 G fl Z n . □ 

By the above proposition and the definition of a locally toric Lagrangian fibration we 
can obtain the following corollary. 
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Corollary 6.20. For a locally toric Lagrangian fibration Bohr-Sommerf eld fibers appear 
discretely. 

Example 6.21. For a nonsingular projective toric variety it is well-known that Bohr- 
Sommerfeld fibers correspond one-to-one to the integral points in the moment polytope. 
For example see j3]. 

Example 6.22. We consider the locally toric Lagrangian fibration \i: (M,u) — > B in 
Example 16.121 We show that (M, u) is prequantizable. 

Let (H c ,'V Hc ) be the c times tensor power of the hyperplane bundle on CP 1 . With 
the identification of (CP 1 , cujps) an d the symplectic quotient (<3? _1 (0), wc2|$-i(o)) / S 1 in 
Example 16.121 (H c , V Hc ) can be written in the following explicit way 

(H c , V Hc ) = ^(O) x C^+lftY^izidZi-ZidZi^J /S\ 

where the S^-action is defined by 

t ■ 0o, Zi, w) := (tz , tzi, t c w). 
Now let us define the prequantizing line bundle (L, V) on (M, oj) by 

(Z, V) := (pr*(R x^xCd- 27r v /Z Tr^) ® c p4(H c , V Hc )) . 
We also define the lift of the Z-action (1131) on M to L by 

(16) n(r,u, [zq : Zi,w\) := (r + n(-a\zi\ 2 + b),u, [z : u na z u u nb w\) . 

It is easy to see that fTT6l) preserves V and the standard Hermitian metric. We put 

(L,V) :=(Z,V)/Z. 

Then (L, V) is a prequantizing line bundle on (M, to). 

Next we see the Bohr-Sommerfeld fibers of /i with respect to (L, V). The direct com- 
putation shows that Bohr-Sommerfeld fibers of /x correspond one-to-one to the elements 
in B n 7j 2 . Let F be a fundamental domain of the Z-action ()14p on P. F is written as 

F := {(n, r 2 ) G P | < r 2 < c, -1/2 < n < -ar 2 + 6-1 /2}. 

Then, Bohr-Sommerfeld fibers of /i correspond one-to-one to the elements in F (1 Z 2 . See 
Figure [H 

In the rest of this section we assume that M is closed. Let (g, J) be a Hermitian 
structure on M compatible with u as in Corollary 16.151 We define the Hermitian vector 
bundle W on M by 

(17) VP := A*TM C <g> L. 

is a Z 2 -graded Clifford module bundle with respect to the Clifford module structure 
([6]). Let D be the Dirac-type operator on W. We define the Riemann-Roch number to be 
the index of D. 

The purpose of this section is to show the following theorem. 

Theorem 6.23. Let fi: (M,u) —> B be a four- dimensional prequantizable locally toric La- 
grangian fibration with prequantizing line bundle (L, V). Then the Riemann-Roch number 
is equal to the number of both nonsingular and singular Bohr-Sommerfeld fibers. 
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FIGURE 1 . Bohr-Sommerfeld points in Example 16.121 

Proof. Let B BS be the set of Bohr-Sommerfeld points of /i in B. We put V := n~ 1 (B \ 
Bbs)- In order to prove Theorem 16.231 we define a good compatible fibration on V as 
follows. 

On the regular non Bohr-Sommerfeld points Uq := S^B \ B^s °f Z 1 we define the 
fibration by 

7T := fi\ Vo ■ V := ^(Uq) U . 
Since B is compact, there are only finitely many Bohr-Sommerfeld points in S^B. 
Suppose we have exactly k Bohr-Sommerfeld points pi, . . . ,Pk in S^'B, namely, 

{ Pl ,..., Pk } = B BS ns w B. 

For each i we take a contractible open neighborhood W{ of Pi in B which satisfies the 
following properties. 

(1) For each i Wi contains no Bohr-Sommerfeld points except for pi. 

(2) For each i Wi fl S^'B is connected. 

(3) For each i Wi does not intersect S^B, namely, Wi D S^B = 0. 

(4) WiS are pairwise disjoint, namely, Wi fl Wj = for all i ^ j. 

(5) There exist finitely many non Bohr-Sommerfeld points in S^B, say qi,...,qi, 
such that we have 

k 

\JWiHSMB = S&B n . . . ,qi}. 
i=i 

It is possible to take such neighborhoods since a connected component of dB is compact. 

We put V( := fi~ 1 (W i ). Since Wi is contractible, by [EH Proposition 3.5], there exists 
a T 2 -action on V[. Moreover, there exist a coordinate neighborhood (U ai ,(p^,J of -B 
containing p^, a diffeomorphism y?*^: iJ,~ l (U ai ) — > /%s (^(^ai)) i n Definition I6.10[ and 
an automorphism p Qi e Aut(T 2 ) which satisfy the following properties. 

• On V- fl /i~ 1 (t/ a J </?^ is p Qi -equivariant with respect to the T 2 -action on V[ and 
the standard T 2 -action on C 2 . 
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Figure 2. W^s in Example f6. 121 



Let <fa (Pi) = ( r i5 r 2) G Since e S^B there exists a unique coordinate such 
that r\,. = 0. We define the circle subgroup T of T 2 by 

T i :=p- i L (0 = (t 1 ,t 2 )eT 2 |^ = e}). 

By the properties [2] and |3] of Wi, Tj acts on freely. Then, for each i we define the 
open set Vi to be the complement of all Tj-orbits in V( on each of which (L, V) has a 
non-trivial global parallel section. We also define the fibration 7Tj : V — > U to be the 
natural projection 

with respect to the Tj-action on Vi. Note that for each i we have the following equality 

In order to show this equality, it is sufficient to prove the following claim: for a point 
x G /i _1 (Wj n S^'B) the restriction of (L, V) to the fiber (fJ,(x)) of fi is trivially flat 
if and only if the restriction of (L, V) to the Tj-orbit T^x through x is trivially flat. This 
can be shown as follows. By the property [2] of Wi, the T 2 -action on fi~ 1 (Wi nS^B) has 
the unique one- dimensional stabilizer S C T 2 . For example, in case of ji — 2, S is written 
as 

5 = P*t ({* = (ti,* 2 ) G T 2 I t x = e}) . 
In any case, by the definition of Tj, T 2 is decomposed as T 2 = Tj x S. Then, the above 
claim follows from the fact that in the T 2 -action on /x -1 {fi{x)) S acts trivially and T acts 
freely on {T 1 

By construction {-7Tj : V — > Ui \ i = 0, . . . , k] is a good compatible fibration on V. 
Moreover, by Lemma \6. 161 there is an averaging operation with respect to {7Tj: V, — > Ui \ 
i = 0, . . . , k}. 

Recall that (g, J) is a Hermitian structure on M compatible with u as in Corollary 16.151 
Then, as in the case of usual torus actions, g defines the compatible Riemannian metric 
of {7Tj: Vi — y Ui | i — 0, . . . , k} whose restriction to each fiber of /i is flat, and the Z 2 - 
graded Clifford module bundle W defined by (IT7|) becomes a compatible Clifford module 
bundle in the sense of Definition 12.191 We define the strongly acyclic compatible system 
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in the same way as in Section 16.1.11 Then by Theorem I4.21[ the Riemann-Roch number 
is localized at Bohr- Sommerf eld fibers and the fibers at qi, . . . ,qi. 

We consider their contributions. Since a fiber of /i is connected, by Theorem jU Theo- 
rem 6.11], the contribution of a regular Bohr-Sommerfeld fiber is equal to one. 

Next we consider the contributions of singular Bohr-Sommerfeld fibers. By Definition 
each fiber on S^B is Bohr-Sommerfeld, and its contribution is RRq(oi, 02) for some a± 
and 0,2- By Theorem 16.91 it is equal to one. 

By the construction of the compatible fibration the local Riemann-Roch number for 
each singular Bohr-Sommerfeld fiber on S^B is obtained from [-B5' + ] and [D + ] in jU 
Theorem 6.7] by the product formula 15.81 It is also one. 

Finally it is easy to see that the contribution of each fibers at q\,...,qi is equal to 
RRi(a + ,a,-) in Section T6.1.2I for some a + and a_. Then by Theorem 16.91 it is zero. This 
proves Theorem 16.231 □ 

Example 6.24. Theorem 16.231 recovers Danilov's result [3], which says that for a non- 
singular projective toric variety the Riemann-Roch number is equal to the number of the 
lattice points in the moment polytope, in the four- dimensional case. 

Example 6.25. As we described in Example I6.22l the Bohr-Sommerfeld fibers correspond 
one-to-one to the elements in F n Z 2 . Then by Theorem 16.231 the Riemann-Roch number 
of (M, u) is equal to the number of the elements in F n Z 2 which is (c + 1)(26 — ac)/2. 

Appendix A. Proof of Proposition 12.151 

In this appendix we give a proof of Proposition 12. 151 We first give the precise statement. 

Let {n a : V a —> U a } a be a good compatible fibraiton on M. Let {V^} be an admissible 
open covering of M in the second condition in Assumption 12.121 For each a E A take an 
open subset U" of U a such that vr Q (V^) <s £/" <s U a . We put V" := 7t~ 1 (L^ / )- For each a 
take a smooth function r Q : M — > R such that r a = 1 on V' a and r a = on M \ V". In 
this appendix we show the following. 

Proposition A.l. If {ir a } is a good compatible fibration, then there exists an averaging 
operation I : C°°(M) -> C°°(M) such that for all f E C°°(M) and x E M we have 

min f(y) < I(f)(x) < max f(y), 
where a" := max{o E A \ x E V^}. 

Proof. For each a E A we define a linear map I a : C°°(M) — > C°°(M) by 

J a (/)(X) := (1 - T a (x))f(x) + T a (x)I° a (f)(x), 

where I®(f) is the integration along fibers of n a : V a — > U a with the normalization 
condition = 1. Fix any total order of A = {a±, ■ ■ ■ ,a n } so that if V ai R V aj ^ 

and the dimension of the fiber of Ti ai is bigger than that of ir aj then i > j. Using this 
total order we may write A = {1, 2, • • • , n}, ir ak = and so on. We define a linear map 
I : C7°°(M) -> L7°°(M) by 

/(/) :=hl 2 -- -In-Mf). 

Note that / satisfies the conditions (2) and (3) in Definition 12. Ill We show that I satisfies 
the conditions (1), (4), and (5) respectively in the following three lemmas. □ 
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Lemma A. 2. /(/) is an admissible function for all / G C°°(M). More precisely, if 
x, y G Vj. and 7ik(x) = 7ik(y) for some k G A, then we have I(f)(x) = I(f)(y). 

Proof. Note that, by definition, if x, y G Vl and vrfc(x) = 7Tk(y) for some k G A, then 
we have k < a" = a" y and 7r a (x) = ir a (y) for any a < a" and x,y G Vq,. If a > a" and 
x' G 7r~ 1 7r Q ,(x), then we have x' ^ V^', and hence, I a (g)(x') = g(x') for any smooth function 
g. In particular we have I a 'J a (g)(x) = I a »{g)(x). Put a' x := maxja E A \ x E V^}. Note 
that ct4 = a' y . If /3 < a! x and x G V^, then since I a ' x {g) is constant along irp(x) C V^, 
we have Ipl a > x (g)(x) = I a > x (g)(x). By induction we have 

I(f)(x)=I a ,---Ip---I a »(f){x), 

where we may assume that each (3 G A satisfies a' x < < a" and x, y G Vi'. Since 
x,y G and vr^O) = ^(j/) we have 

'(/)(*) /;:;(•••/.••• 4« (/))(*) = /°, (•■■/,•• ■ 4» (/))(y) = 

□ 

Lemma A. 3. Lei / : M — >• R be a smooth function and x G M. Then we have 

min f(y) < I(f)(x) < max f(y), 

where a" := max{o G A \ x G V^'}. 
Proof. Note that 

(18) I<x{g){x) = (1 - r a (x))y(x) + r Q (x)/°0)(x) < max # 

7r a n a (x) 

for any smooth function g : M ^ R, a E A and x G Vq,. On the other hand as we showed 
in the proof of Lemma \A.2\ we have 

I(f)(x) = I a ,---Ip---I a ,,(f)(x) 

for any x G M. Since ir~, ir a i x (x) C • • -7rJ np(x) C • • • C vr'J^^x) we have 

I(f)( x ) < _ max (•■■//?•■■ < < max / 

by 018p and induction. □ 

Lemma A. 4. Let f : M — > R 6e a smooth function. If suppf is contained in V' a for some 
a G A, i/ien suppl(f) is also contained in V a . 

Proof. Let / : M — > R be a smooth function such that suppf C for some a G A. 
It is enough to show that supplp(f) C V' a for each /3 G A. Take x G supplp(f) and 
a sequence {x n } in M which satisfies Ip(f)(x n ) ^ and converges to x. By definition 
of Ip(f) we have f(x n ) ^ for infinitely many n or Tp(x n )Ip(f)(x n ) ^ for infinitely 
many n. The former case implies that x G suppf C V^. In the latter case by taking 
a subsequence we may assume that x n G VJ and 7°(/)(x n ) 7^ for all n. In particular 

we have x G VI C V^. Since 7° is the integration along fibers there exist a sequence 
{y n G 7T7 7Ty3(a; n )} such that /(y n ) 7^ for all n. By taking a subsequence we may assume 
{y n } converges to some y G ir^ 1 TTp(x) PI suppf C V^. Since vr^ 1 7r / 3(V^ D Vp) = V a D Vg we 
have x G 7r^ 1 7r /3 (x) C V^. □ 
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Appendix B. A sufficient condition for Assumption 12.121 (2) 
We give a sufficient condition for Assumption 12. 121 (2). 
Lemma B.l. Let {'K a }a&A be a compatible fibration on M such that A is a finite set and 



the condition 5 7 in Definition \2. 14\ is satisfied. If each 7i a has a continuous extension as 
a fiber bundle to the closure of V a with the condition 

(19) v a nv~p = iip 1 np{v a nv~p) 

for all G A, then {vr a } satisfies the second condition in Assumption \2. 12\ Namely there 
exist an admissible open covering {V^ | a G A} of M such that V a C V a . 



Proof. Take and fix any open covering {W^}^^ of M which satisfies W a C V a . Fix any 
total order of A = {a\, ■ ■ ■ , a n } so that if V ai D V aj ^ and the dimension of ir ai is bigger 
than that of n aj then % > j. Fix a G A and we define an increasing sequence of open sets 

(k) 

Va C V a inductively in the following way: 

V^ := W a 

vi k) := ^xie^Kjue 1 ' 

By the construction {V^ := Va} a eA is an admissible open covering of M. We show 
V a C V a by induction on k. Suppose that {pj}; S N is a sequence in Va which converges 
to Poo in M. It is enough to show that if Pi G 7r~^7r ajk (V r i fc ~ 1 ' ) D V ak ) for all i then p^ G V a . 

In this case we have p^, G ^a. 1 ^^ (K* D V Qfe ). On the other hand since the fibers are 
compact, 7r a , is a closed map. Using the assumption (fT9~j) we have 



In particular we have p^ 6 V a . □ 

Remark B.2. Since V' a C V a , one can check that {V^} a satisfies the same condition as 
in Assumption [191 i.e., V' a n Vj = tt^tt^V^ D Vj) for all ajG A 

Appendix C. Proof of Lemma 12.301 

Proof of Lemma \2. 3(A Let Hi, H2, . . . , H m be the elements of A. Without loss of gener- 
ality we assume that Hi D Hj implies i < j. We construct a family of open sets V^ 
(1 < * < J ; < m ) by induction on 1 < z < m. For the construction with % = i we assume 
the following properties. 

(CI) v£ contains the closure of V^ for all 1 < % < z'o and i < j < m. 

(C2) If x G vf } for 1 < z < z , then we have C 

(C3) For x G M with = Hi for some 1 < i < iq, we have 

x G |J Vf°. 
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(C4) If the intersection vjf' D V- is not empty for 1 < i < j < i , then we have 
Hi D Hj. 

If i® = 1, then the above is the empty assumption. For 1 < io < m, using the above 
properties as the assumption of induction, we construct (io < j < m) which satisfy 
the above properties with replacement of i by i + 1 . 

Suppose 1 < i < m and assume (C1),(C2),(C3) and (C4). Then (C3) implies that the 
closed set 

K l0 := M*o x |J Vt m) 

{k\H k ^H l0 } 

is contained in {x G M \ G x = H io }, where M Hl o is the fixed point set M Ht o = {x G 
M | G x D Hi }. Hence (C2) implies that Ki Q does not intersect with the open set 



U 



3 



Let L io be the closure of 



U 



T/(*0) 

3 



{j<i \H i0 £H j } 

Then (CI) implies K io D L io = 0. Since Kj is a subset of {x G M | G x = H io }, there is an 
open neighborhood V of the closed set K io in the complement of L io such that for each 
x G V we have G x C iJ,; . Now we take a decreasing sequence of open neighborhoods 
(i < 3 <m) of K io so that V^ o) = V, D K io and contains the closure of 

^io 1 ^ or < j < m - We can choose the decreasing sequence so that the open sets 
{io < 3 ' < m ) are G-invariant because the quotient space M/G is a regular space. 

Then it is straightforward to check (C1),(C2),(C3) and (C4) are satisfied with io re- 
placed by io + 1. 

The family of open sets {V^ := V^^ m ' > }i<j< m is an open covering of M and satisfies the 
required properties. 

Now if a family of open sets {V x } x£ m satisfying gV x = V gx for all g G G is given, then 
since Ki is contained in V x we can take a G-invariant open neighborhood 

{x I G x =H iQ } 

V = of K io so that V C Ug^=h anc ^ nence ! we have the required open covering 
{V H } H eA- □ 



Appendix D. Proof of Lemma 13. 101 

Proof of Lemma \3. 1 (A If there is a function / satisfying the property in (1), then p^ a is 
constructed as follows: For each e > let p e : R — > [0, 1] be a smooth non-increasing 
function such that p e {l) — 1 for I < 0, p e (Z) = for I > 2/e and |o?p e (/)| < e for z G R. 
Then the composition p a ,e(%) = Pe(f(%) — a ) has the required properties. 

Not we construct / by smoothing the length function as follows. Fix a point Xo G M. 
Let fo '■ M — > R be the length from xq. Then f is a Lipschitz continuous function with 
Lipschitz constant 1. Since M is complete, / is a proper function such that / " 1 ((— oo, c]) 
is compact for any c. Let {mt(D X7 (i? 7 ))} be a locally finite open covering of M by open 
disks centered in x 7 with radius i? 7 . Fix an isometry TM X = R n . We also assume 
that the exponential map centered in x 7 gives a coordinate of M 7 = int(D Xry (R 1 )), and 
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the derivative of the exponential map and its inverse at any point has bounded by 2 with 
respect to operator norm. In particular /q has Lipschitz constant 2 for the standard metric 
on IR n . We use this coordinate in the following local construction. Let {p 7 } be a smooth 
partition of unity for it. Let < r 7 < i? 7 be the radius of the smallest disk centered in x r 
containing the image of the support of p 7 . Let C 7 be the maximal value of \dp^\ for the 
standard metric on M. n . Let n 7 be the number of open disks in the locally finite covering 
which intersects D Xi (r 1 ). Take a smooth function K : W 1 — > 1R satisfying J K(y)dy = 1 
and K{y) = if \y\ > min{l, (R 7 — r J )/2, l/(n 7 C 7 )}. Then the smoothing of / defined by 
/ 7 (#) = J K(x — y)fo(y)dy (x e D x (r 7 )) is Lipschitz continuous with Lipschitz constant 
2 for the standard metric on W 1 , and satisfies |/ 7 (x) — fo(x)\ < min{l, 2/(n 7 C 7 )} for 
x G D Xi {r 1 ). Now define / to be Yl^Pifi- Then \f — f \ < 1. In particular / is 
also a proper map and oo,c]) is compact for any c. Decompose df as follows: 

df = (X) 7 P 7 df 7 ) + (J2 7 (dp-y)fo) + dp 7 (/ 7 - /o)) Since the second term is zero, we have 
| df | < p 7 • | d/ 7 1 + ^2 | o?p 7 1 1 f y — /o | . Both terms are bounded from our construction. □ 
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